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Abstract

A principal wants to procure multiple homogeneous units from finitely

many agents. Each agent has an increasing and convex cost function,

whose exact shape is unknown to the principal. Utility is quasilinear

in money. We study which mechanisms are strategy-proof and robust

to collusion, both when the agents can exchange money and physical

units (reallocation-proofness) and when they cannot (group strategy-

proofness). To achieve reallocation-proofness, the principal must offer

the agents a fixed price per unit. While group-strategy-proof mech-

anisms can be more complex, they are inefficient and run the risk of

procuring no units at all. We characterize the set of group-strategy-

proof and anonymous mechanisms with a uniform price. A standout

feature is that the number of potential prices is bounded above by the

number of agents.
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1 Introduction

Procurement is a major part of economic activity, with public procurement

alone accounting for 12 percent of global GDP (Bosio & Djankov, 2020).

In electricity markets, business-to-business supply chains and many other

cases, the buyer wishes to acquire multiple homogeneous units. To achieve

low prices, procurement is often conducted by auction. There is plenty of

empirical evidence, however, that auctions are prone to collusion: bidders

compete less fiercely so as to drive up the price they receive (Marshall &

Marx, 2012). This paper studies how multi-unit procurement mechanisms

should be designed to prevent collusion.

In our model, a principal (female) procures discrete units of a homoge-

neous good from finitely many agents (male). Each agent’s utility equals the

payment he receives from the principal minus his cost of production, which

is increasing and convex in the quantity provided. The principal designs a

deterministic mechanism that specifies the quantities and payments for each

possible realization of the agents’ costs functions, whose exact shapes are

unknown to the principal. There are no constraints on the amount of money

the principal can spend or the total quantity to be procured.

The principal wants a mechanism that is strategy-proof and robust to

collusion in the following sense: no group of agents who collectively deviate

from their individually dominant strategies can make some of them better

off without making any other group member worse off. Collusion-proofness

comes in two forms, depending on whether the agents only deviate within

the mechanism or also reallocate afterwards. The former refers to a “weak

cartel”, the latter to a “strong cartel” (McAfee & McMillan, 1992).

A mechanism that discourages strong cartels is said to be “reallocation-

proof”, that is, no group of agents ever benefit from a joint deviation, even

if they exchange money or physical units. Theorem 1 shows that a mecha-

nism is reallocation-proof if and only if it is a “fixed-price mechanism”: the

principal sets an exogenous unit price and each agent provides his optimal

quantity at that price. A fixed-price mechanism has two unique features

that make it reallocation-proof. First, the agents cannot affect each other’s

prices, which prevents them from bribing each other to misreport. Second,

all marginal prices coincide, so there are no gains from arbitrage.

Side deals that involve money or physical units are relatively easy to
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detect for antitrust authorities. The agents may thus naturally refrain from

reallocation, in which case cartels are weak. A collusion-resilient mechanism

then merely needs to be “(strongly) group-strategy-proof”, that is, if a co-

ordinated misreport by a group of agents makes at least one of them better

off, at least one other group member must become worse off.

We offer two impossibility results for group-strategy-proof mechanisms.

First, if the agents face participation constraints, they may provide no quan-

tity at all (Proposition 1). The explanation is that, by group strategy-

proofness, the number of potential transfers for each agent is bounded above

by the number of quantity profiles in the mechanism’s range (Lemma 1). Due

to this transfer rigidity, the principal is unable to compensate the agents

financially when their costs become very large. For a similar reason, group-

strategy-proof mechanisms are never efficient, that is, they cannot assign a

given quantity to the agents with the lowest marginal costs (Proposition 2).

This second result holds even without individual rationality.

On the positive side, group strategy-proofness does not require the price

to be fixed (unlike reallocation-proofness). But how exactly do alternative

mechanisms look like? We give a partial answer by characterizing the class

of group-strategy-proof and anonymous mechanisms that pay all agents the

same price per unit. This feature is inspired by the uniform-price auction,

which is widely perceived as a fair way to assign multiple units because it

eliminates “price envy” (Shinozaki, 2022) among the agents. In contrast to

a fixed-price mechanism, the level of the uniform price may be endogenous.

Theorem 2 shows that every group-strategy-proof, anonymous uniform-

price mechanism can be implemented as follows: With n ∈ N agents, the

principal exogenously specifies n prices (which can, but need not, be differ-

ent). She starts by asking each agent whether he would be willing to provide

at least one unit at the largest price, p(n), which is also the n-th lowest price.

All agents who refuse exit the mechanism, providing no quantity and receiv-

ing no payment. The other m agents are then offered the m-th lowest price,

p(m). Since p(m) ≤ p(n), some of the agents who “participated” before may

stop to do so now. They exit as well, and the price is lowered accordingly.

Once every still-active agent is willing to provide at least one unit, we have

reached the final price. At this price, say p(l), the l remaining agents supply

their optimal quantities.

The reason why these “n-price mechanisms” are group strategy-proof
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is simple: A group of agents can gain from a joint deviation only if the

final price rises. To this end, at least one agent who truthfully would exit

the mechanism must stay active. This agent becomes worse off because he

provides units at a price below his cost. The converse statement—there do

not exist other group-strategy-proof, anonymous mechanisms with a uniform

price—is not obvious. Its proof is a major part of our analysis.

If all n prices coincide, we get a fixed-price mechanism. Is it ever bene-

ficial for the principal to offer more than one price? Suppose she derives a

constant value from each unit procured and maximizes her expected total

value net of the transfers paid to the agents. Proposition 3 shows that, if

the agents’ costs are independent and identically distributed (iid), the prin-

cipal’s optimal n-price mechanism has a single price. Simply put, an n-price

mechanism allows the principal to offer different prices to different expected

subsets of agents, namely those who remain active in each step. With iid

costs, all these subsets consist of “average” agents. Thus, optimally, the

principal chooses the same price for each of them.

Our results have natural analogues when homogeneous units are sold

to agents with increasing and concave value functions. Only Proposition 1

does not carry over because a constant mechanism that charges zero for each

unit trivially satisfies group strategy-proofness and individual rationality. A

special case of this reverse model is that the agents share the cost of produc-

ing the physical units. While our results still apply, they are arguably less

pertinent to cost-sharing. One reason is that in many practical applications,

like connecting municipalities to a water network (Young, 1994), it is phys-

ically impossible for the agents to trade quantity, undermining the case for

reallocation-proofness. Moreover, the production cost is often determined

by technical constraints; the natural requirement of budget balance then

likely clashes with uniform pricing.

2 Related literature

The early work on strategy-proof mechanism design showed that alloca-

tive efficiency is unattainable if the agents can collude with side payments

(Bennett & Conn, 1977; Green & Laffont, 1979).1 Schummer (2000b) intro-

1One way out of this impossibility result is to assume that each agent belongs to a
fixed coalition, which is unknown to the designer. In this case, the VCG mechanism can
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duced the related concept of “bribe-proofness”: if one agent pays another to

misreport, they must not both become better off. Bribe-proofness usually

leads to constant, posted-price or otherwise rigid mechanisms (Bu, 2016;

Goldberg & Hartline, 2005; Mihalák et al., 2016; Mizukami, 2003; Schum-

mer, 2000a, 2000b). Our model is no exception: under bribe-proofness,

the agents’ equilibrium payoffs are mutually independent (Lemma A.1),

implying that each agent faces an exogenous price schedule and picks his

optimal quantity (Lemma A.2).2 Reallocation-proofness strengthens bribe-

proofness by discouraging collusion that involves the exchange of not just

money but also physical units. According to our Theorem 1, reallocation-

proofness characterizes the subclass of bribe-proof mechanisms that do not

price-discriminate in any way.3

Collusion is easier to deter if the agents cannot reallocate. We study the

strong version of group strategy-proofness, which rules out joint misreports

that make some agents better off and none worse off. Our results would not

hold under mere strategy-proofness (cf. Barberà et al., 2010, 2016; Le Bre-

ton & Zaporozhets, 2009). Moreover, in our model, group strategy-proofness

is logically independent of non-bossiness. Introduced by Satterthwaite and

Sonnenschein (1981), non-bossiness says that if an agent changes his report

but still receives the same allocation, then all other agents’ allocations should

also remain the same. Due to the availability of money, an agent can be in-

different between multiple allocations; which one is selected may depend on

the other agents’ reports. For this reason, the fixed-price mechanism that

we define in Section 5.1 is potentially bossy yet group strategy-proof. Con-

versely, there exist mechanisms that are strategy-proof and non-bossy but

not group strategy-proof (Hashimoto & Saitoh, 2015; Mutuswami, 2005).

For an extensive discussion of non-bossiness and its relationship to group

strategy-proofness, see Thomson (2016).

Group strategy-proofness clashes with allocative efficiency (Proposition 2).

be made collusion-proof by asking the agents to report not only their preferences but also
their coalitions (Chen & Micali, 2012; Deckelbaum & Micali, 2017; Gorokh et al., 2019).

2Mechanisms with exogenous prices can also arise under conditions weaker than bribe-
proofness, such as strategy-proofness plus individual rationality and budget balance. Char-
acterizations of this type are available for housing markets (Miyagawa, 2001), public-good
provision (Bierbrauer & Hellwig, 2016; Drexl & Kleiner, 2018; Kuzmics & Steg, 2017),
bilateral trade (Barberà & Jackson, 1995; Hagen & Hernando-Veciana, 2021; Hagerty &
Rogerson, 1987) and land assembly (Grossman et al., 2019), among others.

3Notions similar to reallocation-proofness, but in models without monetary transfers,
are studied by Massó and Neme (2007) and Pápai (2000).
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This impossibility result motivates a weaker version which considers only

those joint misreports to be problematic that make all conspiring agents

better off. Weak group strategy-proofness, coupled with efficiency or other

properties, has been studied in several models with money, such as queuing

(Chun et al., 2014; Mitra & Mutuswami, 2011; Mukherjee, 2013) or the

allocation of a single unit (Mukherjee, 2014, 2020). Given the combina-

tion of strategy-proofness and efficiency, these papers usually axiomatize a

sub-class of VCG mechanisms (Holmström, 1979).

VCG mechanisms are also the focus of the literature on “fair imposition”

(Porter et al., 2004), where a fixed number of costly tasks, plus money, must

be assigned to the agents. In our model, this objective is incompatible

with group strategy-proofness and efficiency (Proposition 2). Other papers

invoke strategy-proofness and efficiency together with k-fairness (Atlamaz

& Yengin, 2008; Porter et al., 2004), egalitarian equivalence (Yengin, 2012,

2017) or the identical-preferences lower bound (Yengin, 2013). To which

extent these fairness properties can be satisfied by group-strategy-proof,

and thus non-efficient, mechanisms is an open question.

The n-price mechanisms identified by our Theorem 2 have the feature

that the price weakly increases in the number of agents willing to supply a

positive quantity. Mechanisms of this type are known as “cross-monotonic”

in the literature on group-strategy-proof cost sharing, which was initiated

by Moulin (1999). Assuming each agent demands at most one unit of out-

put and the production cost is submodular, he showed that a mechanism

satisfies group strategy-proofness and three auxiliary properties if and only

if it is cross-monotonic. Similar equivalences were established by Immor-

lica et al. (2008) and Juarez (2013) when the cost function is unrestricted

but a tie-breaking rule governs cases of indifference. Doing away with this

tie-breaking rule, Pountourakis and Vidali (2012) completely characterize

group-strategy-proof mechanisms via a generalization of cross-monotonicity.

Roughgarden and Sundararajan (2009) analyze the trade-off between budget

balance and efficiency for cross-monotonic mechanisms. Moulin and Shenker

(2001) and Juarez (2018) identify optimal mechanisms among those satisfy-

ing cross-monotonicity.

Few papers allow the agents to demand or supply multiple units. Moulin

(1999) shows that, when the production cost is supermodular, group strategy-

proofness requires the agents to be served one after another; but these
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“incremental” mechanisms violate standard fairness notions. Mehta et al.

(2009) propose a generalization of cross-monotonic mechanisms that work for

both single- and multi-unit demand; they are weakly but not strongly group

strategy-proof. By contrast, we characterize strongly group-strategy-proof

and “fair” mechanisms in a model with multi-unit supply. Our uniform-price

condition is logically unrelated to sub- and supermodularity.4

3 Model

A principal (female) seeks to procure discrete homogeneous units from n ∈
{2, 3, . . . } agents (male). An allocation ai := (qi, ti) for agent i ∈ N :=

{1, 2, . . . , n} specifies the quantity qi ∈ N := {0, 1, . . . } that i provides and

the monetary transfer ti ∈ R that i receives. For any group G ⊆ N , define

aG := (ai)i∈G, qG := (qi)i∈G and tG := (ti)i∈G.

Agent i’s total cost of providing qi units is denoted by ci(qi) ≥ 0, his

marginal cost by ∆ci(qi) := ci(qi)−ci(qi−1). The domain C contains all cost

functions c : N → R+ := [0,∞) such that c(0) = 0, 0 < ∆c(1) < ∆c(2) < · · ·
and limq→∞∆c(q) = ∞. In words, cost functions are normalized to zero

at the origin, (strictly) increasing, (strictly) convex and eventually outgrow

any linear function.5 While it is common knowledge that ci ∈ C for all

i ∈ N , the principal does not know the exact shape of ci.

For all cost profiles (ci)i∈N ∈ Cn and groups G ⊆ N of size g = |G|,
define cG := (ci)i∈G ∈ Cg and c−G := (ci)i∈N\G ∈ Cn−g. Whenever ci = cj

for all i, j ∈ G, we write cG ∈ Cg
∗ . Moreover, for all cG, ĉG ∈ Cg, cG > ĉG

means that ci(qi) > ĉi(qi) for all i ∈ G and qi ∈ N \ {0}.
The utility that agent i ∈ N with cost function ci ∈ C derives from

allocation (qi, ti) ∈ N × R is ti − ci(qi). His optima in a set of allocations

Ai ⊆ N× R are denoted by Opt(ci, Ai) := argmax(qi,ti)∈Ai
{ti − ci(qi)}.

4Barberà and Jackson (1995) identify mechanisms similar to ours in an exchange econ-
omy with classical preferences, invoking the properties of strategy-proofness, individual
rationality, non-bossiness, anonymity and tie-freeness.

5The limit condition is only needed for the mechanisms in Section 5 to be well defined.
Alternatively, we could put an upper bound on each qi.

7



4 Definitions

In a (deterministic, direct) mechanism, the agents report cost functions

cN ∈ Cn to the principal, who then assigns a quantity φi(cN ) ∈ N and

a transfer τi(cN ) ∈ R to each i ∈ N .

Definition 1. A mechanism (φi, τi)i∈N is a mapping from Cn to (N×R)n.

Agent i’s allocation function is denoted by αi := (φi, τi). For all groups

G ⊆ N , define αG := (αi)i∈G, φG := (φi)i∈G and τG := (τi)i∈G. If the

mechanism under consideration is clear, ui(ĉN |ci) := τi(ĉN ) − ci(φi(ĉN ))

represents i’s utility when his true cost function is ci and the reported cost

profile is ĉN . If i is truthful at ĉN (i.e. ĉi = ci), we write u
∗
i (ĉN ) := ui(ĉN |ci).

We now introduce three strategic properties. First, a mechanism is

strategy-proof if no agent ever benefits from misreporting his cost function.

Definition 2. (φi, τi)i∈N is strategy-proof if for all cN ∈ Cn, i ∈ N and

ĉi ∈ C, u∗i (cN ) ≥ ui(ĉi, c−i|ci).

Group strategy-proofness extends the truth-telling incentives from in-

dividuals to groups. Specifically, if a joint misreport by a group of agents

makes some of them better off, at least one other group member must be-

come worse off. The latter should thus object to this collusive arrangement.

Definition 3. (φi, τi)i∈N is group strategy-proof if for all cN ∈ Cn,

G ⊆ N and ĉG ∈ C |G|,

∃i ∈ G : u∗i (cN ) < ui(ĉG, c−G|ci) =⇒ ∃j ∈ G : u∗j (cN ) > uj(ĉG, c−G|cj).

In a group-strategy-proof mechanism, joint deviations may still be tempt-

ing if the involved agents can exchange money or physical units among each

other to compensate those group members who would otherwise suffer from

the misreport. Reallocation-proofness holds if such side deals never pay off.

Definition 4. (φi, τi)i∈N is reallocation-proof if for all cN ∈ Cn, G ⊆ N ,

ĉG ∈ C |G| and (q̂i, t̂i)i∈G ∈ (N × R)|G| with
∑

i∈G
[
q̂i − φi(ĉG, c−G)

]
= 0 =∑

i∈G
[
t̂i − τi(ĉG, c−G)

]
,

∃i ∈ G : u∗i (cN ) < t̂i − ci(q̂i) =⇒ ∃j ∈ G : u∗j (cN ) > t̂j − cj(q̂j)

or, equivalently,
∑

i∈G u∗i (cN ) ≥ ∑
i∈G

[
t̂i − ci(q̂i)

]
.
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Note that reallocation-proofness implies group strategy-proofness, which

in turn implies strategy-proofness.

Three further properties will be used in our analysis: Individual ratio-

nality says that no agent can be forced to participate in the mechanism.

Efficiency holds if a given quantity is allocated to the agents with the lowest

costs. Anonymity requires any permutation of the agents’ cost functions to

swap their utilities accordingly.

Definition 5. (φi, τi)i∈N is individually rational if for all cN ∈ Cn and

i ∈ N , u∗i (cN ) ≥ 0.

Definition 6. (φi, τi)i∈N is q∗-efficient for q∗ ∈ {1, 2, . . . } if for all cN ∈
Cn, φN (cN ) ∈ argminqN∈Nns.t.

∑
i∈N qi=q∗

∑
i∈N ci(qi).

Definition 7. (φi, τi)i∈N is anonymous if for all bijections b : N → N and

all cN , ĉN ∈ Cn with ci = ĉb(i) for all i ∈ N , u∗i (cN ) = u∗b(i)(ĉN ) for all i ∈ N .

5 Results

We now present our results on reallocation-proofness (Section 5.1), followed

by those on group strategy-proofness (Section 5.2).

5.1 Reallocation-proofness

If the agents can reallocate, only “fixed-price mechanisms” are robust to

collusion. In a fixed-price mechanism, the principal offers a fixed price p ≥ 0

per unit, and each agent supplies his optimal quantity at that price.6 In

addition, the principal can make or charge lump-sum transfers to the agents.

Definition 8. (φi, τi)i∈N is a fixed-price mechanism if there exist a price

p ≥ 0 and transfers (
¯
ti)i∈N ∈ Rn such that for all cN ∈ Cn and i ∈ N ,

φi(cN ) ∈ argmax
qi∈N

{
qip− ci(qi)

}
, (1)

τi(cN ) = φi(cN )p+
¯
ti. (2)

Theorem 1. (φi, τi)i∈N is reallocation-proof if and only if it is a fixed-price

mechanism.

6An optimal quantity exists because limqi→∞ ∆ci(qi) = ∞ for all i ∈ N and ci ∈ C.
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The proof is in Appendix A.1. While the “if” is rather straightforward,

the “only if” has two main steps. First, we let the colluding agents exchange

money (“bribes”) but not physical units. Schummer’s (2000b) insight that

a “bribe-proof” mechanism must make each agent’s equilibrium utility in-

dependent of the other agents’ reports extends to our model. Every agent

thus faces an exogenous set of allocations, from which he picks his optimum.

In the second step, we allow the colluding agents to exchange physical units

as well. Reallocation-proofness requires all units to be priced equally. Oth-

erwise, two agents with different prices could benefit from arbitrage; that is,

the agent with the higher price could first misreport to provide additional

units to the principal and then pay the other agent to supply some of these

units in his stead. The unique type of mechanism in which prices are both

exogenous and equal is a fixed-price mechanism.

Another way of putting Theorem 1 is that, to prevent reallocation, the

agents’ marginal costs must be equalized. Hence, constant mechanisms are

generally not reallocation-proof. Constancy means that αN (cN ) = αN (ĉN )

for all cN , ĉN ∈ Cn. In any constant mechanism that procures a non-zero

quantity, there exist a cost profile cN ∈ Cn and two agents i, j ∈ N such

that ∆ci(φi(cN )+1) < ∆cj(φj(cN )). Both agents gain if j gives one unit to

i, together with a payment t satisfying ∆ci(φi(cN ) + 1) < t < ∆cj(φj(cN )),

so reallocation-proofness is violated.7 One could argue that this type of col-

lusion need not be deterred because it improves efficiency without affecting

the principal’s expenditures. However, if she is unsure whether the agents

will actually collude, then constant mechanisms are certainly unappealing.

We will come back to this issue in the conclusion.

5.2 Group strategy-proofness

5.2.1 Two impossibility results

In a fixed-price mechanism, the total quantity procured is endogenous and

can in fact be zero. This is an important drawback in practice because, say,

a car manufacturer may need a certain number of wheel bearings from its

suppliers. We now show that all group-strategy-proof and individually ratio-

nal mechanisms suffer from this problem as well (Proposition 1). Moreover,

7There is one exception: a constant mechanism with φi(cN ) = 0 for all cN ∈ Cn and
i ∈ N amounts to a fixed-price mechanism with p = 0 and is thus reallocation-proof.
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group strategy-proofness clashes with efficiency (Proposition 2).

Both impossibility results have the same root: group strategy-proofness

restricts the flexibility of the principal’s transfers. More precisely, strategy-

proofness implies that if an agent provides the same quantity at two distinct

reports, then he must also get the same transfer; otherwise, he will lie when

he is paid less. Under group strategy-proofness, this result extends from

individuals to groups. That is, any joint misreport that does not affect the

quantities of the involved agents also leaves their transfers unchanged.

Lemma 1. If (φi, τi)i∈N is group strategy-proof, then for all cN ∈ Cn, G ⊆
N and ĉG ∈ C |G|,

[
φG(cN ) = φG(ĉG, c−G) =⇒ τG(cN ) = τG(ĉG, c−G)

]
.

Proof. Lemma 1 is equivalent to Schummer’s (2000a) Theorem 3. His model

involves heterogeneous objects and agents with unit demand, but his argu-

ments do not exploit these particular features and thus extend to our setting.

For completeness, we offer our version of the proof in Supplement B.2.8

We now explain why the principal may end up with no units at all. For

ease of exposition, suppose each agent faces a hard capacity constraint, that

is, an upper bound on the quantity he can possibly provide.9 There are

then finitely many quantity profiles qN ∈ Nn in the mechanism’s range. By

Lemma 1, every qN is associated with a unique transfer profile tN ∈ Rn.

It follows that each agent i ∈ N may receive only finitely many transfers,

with maximum t̄i := max
{
ti ∈ R : ∃cN ∈ Cn s.t. τi(cN ) = ti

}
. Let ci ∈ C

be such that ci(qi) > t̄i for all qi ∈ N \ {0}, so any non-zero quantity yields

negative utility. By individual rationality, φi(ci, ·) = 0. Hence, each agent

provides zero units when his costs are sufficiently large.

Proposition 1. If (φi, τi)i∈N is group strategy-proof and individually ratio-

nal, then there exists ĉN ∈ Cn such that for all cN ∈ Cn with cN > ĉN ,

φi(cN ) = 0 for all i ∈ N .

Without hard capacity constraints, the simple argument from above fails

because the range of transfers can be unbounded, so t̄i may not exist. Agent

8Results similar to Lemma 1 also appear in the literature on group-strategy-proof cost
sharing (e.g. Immorlica et al., 2008; Juarez, 2013; Moulin, 1999).

9The model described in Section 3 accommodates “soft” capacity constraints in that
diminishing capacity is captured by increasing costs.
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i may then not have a report that always triggers zero quantity.10 The proof

of Proposition 1 in Appendix A.2 deals with this technical difficulty.

For all q∗ ∈ {1, 2, . . . }, Proposition 1 implies that no group-strategy-

proof and individually rational mechanism is q∗-efficient because less than q∗

units are procured at some cost profiles. In fact, this conflict with efficiency

persists when individual rationality is not imposed.

Proposition 2. Consider any q∗ ∈ {1, 2, . . . }. If (φi, τi)i∈N is group strategy-

proof, then it is not q∗-efficient.

Simply put, the intuition is that efficiency requires the transfers to flex-

ibly adjust to the agents’ reported costs—which is at odds with the rigidity

needed to deter group deviations (Lemma 1). The proof is in Appendix A.3.

5.2.2 Uniform-price mechanisms

Despite the impossibility results above, group strategy-proofness allows the

principal more design flexibility than merely fixing a price. How exactly

do alternative mechanisms look like? To address this question, we focus on

mechanisms with a uniform price.

Definition 9. (φi, τi)i∈N is a uniform-price mechanism if there exists a

function π : Cn → R such that for all cN ∈ Cn and i ∈ N ,

φi(cN ) ∈ argmax
qi∈N

{
qiπ(cN )− ci(qi)

}
, (3)

τi(cN ) = φi(cN )π(cN ). (4)

(4) says that all agents receive the same price per unit. Moreover, by

(3), their quantities are optimal at the realized price. These features are

reminiscent of a uniform-price auction, which is widely perceived as a “fair”

way to assign multiple units (e.g. Ausubel et al., 2014, p. 1393; Brenner et

al., 2009, p. 272; Burkett and Woodward, 2020, p. 2). In practice, uniform-

price auctions are used to allocate government bonds, electricity, pollution

permits, etc. According to Milgrom (2004, p. 256), one reason for their

popularity is the elimination of “price risk” across agents: since everyone’s

price is the same, corporate bidders avoid the uncomfortable situation of

10In other words, group strategy-proofness and individual rationality do not imply
“consumer sovereignty” (Moulin, 1999, p. 290) with respect to quantity zero.
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having to justify to their superiors or shareholders why they paid more or

got paid less than other bidders. This argument can be formalized via the

notion of “no price envy” (Shinozaki, 2022).

Definition 10. (φi, τi)i∈N satisfies no price envy if for all cN ∈ Cn, i ∈ N ,

qi ∈ N and j ∈ N with φj(cN ) > 0, u∗i (cN ) ≥ qi
[
τj(cN )/φj(cN )

]
− ci(qi).

No price envy says that agent i weakly prefers his allocation to supplying

any quantity qi at agent j’s unit price τj(cN )/φj(cN ). In Appendix A.4,

we show that only uniform-price mechanisms satisfy no price envy and the

auxiliary property of “zero transfer for zero quantity”.

Definition 11. (φi, τi)i∈N satisfies zero transfer for zero quantity if for

all cN ∈ Cn and i ∈ N ,
[
φi(cN ) = 0 =⇒ τi(cN ) = 0

]
.

Lemma 2. (φi, τi)i∈N satisfies no price envy and zero transfer for zero

quantity if and only if it is a uniform-price mechanism.

Every uniform-price mechanism that is group strategy-proof and anony-

mous can be implemented as follows: The principal announces a sequence

of prices 0 = p(0) ≤ p(1) ≤ · · · ≤ p(n) < ∞. Each agent is asked whether

he would “participate”—that is, provide at least one unit—at price p(n).

If all n agents say yes, p(n) is the final price. Otherwise, the agents who

refuse to participate exit the mechanism; they supply no units and receive

no payment. The m ∈ {0, 1, . . . , n − 1} remaining agents are then asked

whether they would still participate at price p(m) ≤ p(n). If all of them

say yes, p(m) is the final price. Otherwise, the naysayers are excluded, and

the l ∈ {0, 1, . . . ,m − 1} remaining agents are offered price p(l) ≤ p(m).

This process continues until a price is found at which all remaining agents

participate.11 Each of them supplies his optimal quantity at the final price.

The direct version of this “n-price mechanism” is defined as follows.

Definition 12. (φi, τi)i∈N is an n-price mechanism if there exist prices

0 = p(0) ≤ p(1) ≤ · · · ≤ p(n) < ∞ such that for all cN ∈ Cn and i ∈ N ,

φi(cN ) = max

{
argmax

qi∈N

{
qip

(
µ(cN )

)
− ci(qi)

}}
, (5)

τi(cN ) = φi(cN )p
(
µ(cN )

)
,

11Such a price exists because zero agents participate at price p(0) = 0.
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where µ(cN ) := max
{
m ∈ {0, 1, . . . , n} :

∣∣{i ∈ N : ci(1) ≤ p(m)
}∣∣ = m

}
.

Definition 13. (φi, τi)i∈N and (φ̂i, τ̂i)i∈N are utility-equivalent if for all

cN ∈ Cn and i ∈ N , τi(cN )− ci(φi(cN )) = τ̂i(cN )− ci(φ̂i(cN )).

Theorem 2. a) Every n-price mechanism is a group-strategy-proof, anony-

mous uniform-price mechanism. b) Every group-strategy-proof, anonymous

uniform-price mechanism is utility-equivalent to an n-price mechanism.

The proof is in Appendix A.5. To provide a better understanding of n-

price mechanisms, let us briefly discuss some of their most notable features.

First, the price can only vary when some agents “drop out”, that is, when

they reject the current price and thus exit the mechanism. This feature is

necessary for strategy-proofness. If an agent could influence the price he

himself receives, then he would sometimes face incentives to misreport.

Second, the price can only decrease. This feature is again due to strategy-

proofness. To see why, suppose an agent is unwilling to provide any units at

the current price, but only slightly so. If this agent believes that some other

agent will drop out and the principal will offer a higher price in response,

then it will be better to stay active. Hence, remaining in the mechanism as

long as the current price is at least as large as the agent’s cost for the first

unit is not a dominant strategy anymore.

Third, by how much the price decreases when an agent exits the mech-

anism is exogenously given. Hence, no agent can strategically drop out to

keep the price high for the remaining agents. If he could, there would be

opportunities for collusion, violating group strategy-proofness.

Finally, the reason why part b) of Theorem 2 holds only in utility-

equivalent terms is the “max” operator in (5). Without it, n-price mecha-

nisms can fail to be group strategy-proof. For example, suppose n = 2 and

c1(1) < p(1) < p(2) = ĉ2(1) < c2(1). Then µ(c1, c2) = 1 and µ(c1, ĉ2) = 2.

If φ2(c1, ĉ2) = 0, group strategy-proofness would be violated at (c1, c2) be-

cause u∗1(c1, c2) < u∗1(c1, ĉ2) and u∗2(c1, c2) = u2(c1, ĉ2|c2). By choosing the

largest optimum in cases of indifference, n-price mechanisms become group

strategy-proof because for all cN ∈ Cn and i ∈ N ,
[
ci(1) = p(µ(cN )) =⇒

φi(cN ) > 0
]
. However, not all violations of this condition are problematic,

such as φ2(ĉ1, ĉ2) = 0 for ĉ1 = ĉ2 in the example above.
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5.2.3 On the optimal n-price mechanism

An n-price mechanism becomes a fixed-price mechanism if p(1) = . . . = p(n).

Does the principal actually gain from having n prices instead of one? To

address this question, we must specify her objective function. Suppose the

principal derives a constant value v > 0 from each unit procured and chooses

a mechanism (φi, τi)i∈N to maximize her expected value net of the transfers

paid to the agents:

E
[
v
∑
i∈N

φi(cN )−
∑
i∈N

τi(cN )

]
, (6)

where the expectation is taken over cN ∈ Cn. There is a natural trade-off:

higher prices induce the agents to supply more quantity but decrease the

principal’s payoff per unit supplied. Under a standard assumption on the

principal’s beliefs, the best she can do is fix a single price.

Proposition 3. Suppose the agents’ costs are independent and identically

distributed. Then, for every n-price mechanism, there exists a fixed-price

mechanism that weakly increases the principal’s payoff, as given by (6).

The proof is in Appendix A.6. To grasp the intuition, suppose the best

fixed-price mechanism for the principal has price p∗.12 We start by deter-

mining the optimal p(1). This price is only relevant when p(n) to p(2) have

fallen through, so a single agent is left; call him i. Since the agents’ costs

are independent, the fact that n− 1 agents have dropped out does not give

the principal any new information about i’s cost. And since the agents are

ex-ante identical, they are all equally likely to be i. Hence, the optimal p(1)

is simply the optimal fixed price for the average agent, which coincides with

p∗. Inductive application of this argument yields p(1) = . . . = p(n) = p∗.

If the agents are asymmetric, however, the flexibility of n-price mecha-

nisms can be beneficial to the principal. The reason is that an agent with

relatively low expected costs is more likely to be the single agent to whom

p(1) is offered. The optimal fixed price for this “positively selected” agent,

p(1), may thus differ from the optimal fixed price for the entire set of agents,

p∗. In other words, the principal can tailor the n prices to the expected iden-

tities of the agents who survive each step of the n-price mechanism. For a

numerical example that illustrates this idea, see Supplement B.4.

12The existence of such a p∗ is not assumed in the formal proof (Appendix A.6).
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6 Conclusion

This paper has studied the design of multi-unit procurement mechanisms

that are strategy-proof and robust to collusion. We have shown that strong

cartels, whose members are able to reallocate among each other, can only be

deterred with a fixed price per unit. Preventing weak cartels, whose mem-

bers are unable to reallocate, is easier for the principal, but she must permit

the procured quantity to be endogenous. If she wishes to pay a uniform

price per unit, then the cardinality of the price range is bounded above by

the number of agents. With independent and identically distributed cost

functions, fixing a single price is optimal for the principal.

Our focus on uniform-price mechanisms appears desirable in practice

because they are simple, transparent and eliminate price risk across agents.

But mechanisms may still be perceived as “fair” if they charge different

prices for different units or, even, to different agents. A characterization of

all group-strategy-proof, individually rational, anonymous and/or envy-free

mechanisms seems a worthwhile, yet daunting, endeavor for future research.

Both reallocation- and group strategy-proofness take the axiomatic stance

that collusion is “bad” and must be prevented. On the downside, the re-

sulting mechanisms are rather inflexible. The designer may do better by

tolerating some forms of collusion. Optimal mechanisms that are robust to,

but do not categorically rule out, collusion have been studied in the literature

on Bayesian mechanism design (e.g. Che & Kim, 2006, 2009; Laffont & Mar-

timort, 1997, 2000). An intriguing open question is whether this approach

can provide a justification for reallocation- or group strategy-proofness.

A Appendix: Proofs

A.1 Proof of Theorem 1

A.1.1 “If”

Let (φi, τi)i∈N be a fixed-price mechanism with price p ≥ 0 and lump-sum

transfers (
¯
ti)i∈N ∈ Rn. Consider any cN ∈ Cn, G ⊆ N , ĉG ∈ C |G| and

(q̂i, t̂i)i∈G ∈ (N× R)|G| such that∑
i∈G

[
q̂i − φi(ĉG, c−G)

]
= 0 =

∑
i∈G

[
t̂i − τi(ĉG, c−G)

]
.
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These two equations and (2) imply that∑
i∈G

t̂i =
∑
i∈G

τi(ĉG, c−G) =
∑
i∈G

[
φi(ĉG, c−G)p+

¯
ti
]
=

∑
i∈G

(
q̂ip+

¯
ti
)
.

Moreover, by (1) and (2),

∀i ∈ G, q̂ip− ci(q̂i) ≤ φi(cN )p− ci
(
φi(cN )

)
= τi(cN )−

¯
ti − ci

(
φi(cN )

)
.

It follows that∑
i∈G

[
t̂i − ci(q̂i)

]
=

∑
i∈G

[
q̂ip+

¯
ti − ci(q̂i)

]
≤

∑
i∈G

[
τi(cN )− ci

(
φi(cN )

)]
,

so (φi, τi)i∈N is reallocation-proof.

A.1.2 “Only if”

Let (φi, τi)i∈N be a reallocation-proof mechanism. Reallocation-proofness

implies “bribe-proofness” (Schummer, 2000b): if one agent bribes another

to misreport, they do not both become better off. Equivalently, an agent’s

own loss from misreporting is at least as large as any other agent’s gain.13

Definition A.1. (φi, τi)i∈N is bribe-proof if for all i, j ∈ N , cN ∈ Cn and

ĉi ∈ C, we have that u∗i (cN )− ui(ĉi, c−i|ci) ≥ u∗j (ĉi, c−i)− u∗j (cN ).

In a bribe-proof mechanism, each agent’s equilibrium utility can only

depend on his own report.

Lemma A.1. For all i ∈ N , ci ∈ C and c−i, ĉ−i ∈ Cn−1, we have that

u∗i (ci, c−i) = u∗i (ci, ĉ−i).

Proof. Schummer’s (2000b) Theorems 2 and 3 establish this independence

condition quite generally. His proof requires the set of alternatives to be

compact, however, which is not satisfied in our model because quantities

can be arbitrarily large. In Supplement B.1.1, we provide an alternative

proof tailored to our model.

Lemma A.1 implies that the set of quantities available to agent i, Qi ⊆ N,
as well as their prices, pi(qi) ∈ R for all qi ∈ Qi, must be independent of the

13Bribe-proofness only considers collusion between two agents, one of whom misreports.
If we relax reallocation-proofness analogously, Theorem 1 still holds.
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other agents’ reports. Moreover, by strategy-proofness (implied by bribe-

proofness), i gets his optimum in Qi.

Lemma A.2. For all i ∈ N , there exists a set Qi ⊆ N and an increasing

function pi : N → R such that for all cN ∈ Cn,

φi(cN ) ∈ argmax
qi∈Qi

{
pi(qi)− ci(qi)

}
, (A.1)

τi(cN ) = pi
(
φi(cN )

)
. (A.2)

Proof. See Supplement B.1.2.

Lemma A.2 is as far as we get with bribe-proofness. If we also want to

deter collusion among agents who can fully reallocate, then either no agent

provides any units or all agents can supply whatever quantity they wish.

Lemma A.3. Either Qi = {0} for all i ∈ N , or Qi = N for all i ∈ N .

Proof. There are four steps.

Step 1: For all i ∈ N , 0 ∈ Qi.

By contradiction, suppose there exists i ∈ N such that
¯
qi := min{Qi} > 0.

Consider any j ∈ N \ {i}. Let cN ∈ Cn be such that φi(cN ) =
¯
qi and

ci(
¯
qi) > cj(φj(cN ) +

¯
qi) − cj(φj(cN )).14 Both agents gain if i gives his

¯
qi

units to j, accompanied by a transfer t such that ci(
¯
qi) > t > cj(φj(cN ) +

¯
qi)− cj(φj(cN )). This violates reallocation-proofness, so Step 1 holds.

If Qi = {0} for all i ∈ N , we are done. Thus, suppose Qi \ {0} ̸= ∅ for

some i ∈ N . The three steps below yield that Qi = N for all i ∈ N . Since

the proofs are similar to Step 1’s, we relegate them to Supplement B.1.3.

Step 2: For all i ∈ N , sup{Qi} = ∞.

Step 3: There exists ∆q ∈ N \ {0} such that for all i ∈ N and qi, q̂i ∈ Qi

with qi < q̂i and {qi, . . . , q̂i} ∩Qi = {qi, q̂i}, q̂i − qi = ∆q.

Step 4: ∆q = 1.

14Such a cN exists: Pick any qj ∈ Qj . By Lemma A.2, there is cj ∈ C with φj(cj , ·) =
qj . Let ci ∈ C satisfy ci(

¯
qi) > cj(qj +

¯
qi)− cj(qj) and ci(qi) > ci(

¯
qi) + [pi(qi)− pi(

¯
qi)] for

all qi ∈ Qi \ {
¯
qi}. Then i’s optimum in Qi is

¯
qi, so φi(ci, ·) =

¯
qi by Lemma A.2.
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The first case of Lemma A.3 (Qi = {0} for all i ∈ N) corresponds to a

fixed-price mechanism with p = 0. In the second case (Qi = N for all i ∈ N),

it remains to be shown that the agents’ price functions are identical and

linear. By contradiction, suppose pj(qj +1)− pj(qj) < pi(qi +1)− pi(qi) for

some i, j ∈ N and qi, qj ∈ N. Let ci ∈ C be very flat until qi, and very steep

thereafter. Lemma A.2 implies that φi(ci, ·) = qi. Similarly, there exists

cj ∈ C such that φj(cj , ·) = qj and, furthermore, pj(qj+1)−pj(qj) < cj(qj+

1)− cj(qj) < pi(qi +1)− pi(qi). In words, agent j would like to provide one

additional unit at i’s prices but not at his own. Consider any c−i,j ∈ Cn−2

and suppose that, instead of being truthful at (ci, cj , c−i,j), i reports ĉi ∈ C

such that φi(ĉi, cj , c−i,j) = qi + 1 and then gives the additional unit to j,

together with a transfer t such that cj(qj+1)−cj(qj) < t < pi(qi+1)−pi(qi).

This transfer is large enough to cover j’s cost increase but small enough to

leave some profit to i, violating reallocation-proofness. Hence, there must

exist p > 0 such that pi(qi + 1)− pi(qi) = p for all i ∈ N and qi ∈ N.

A.2 Proof of Proposition 1

Let (φi, τi)i∈N be group strategy-proof (GSP) and individually rational (IR).

Consider any i ∈ {1, . . . , n} and define I := {1, . . . , i}. Let 0i be an i-vector

of zeros. By induction, we prove that for all c−I ∈ Cn−i, there exists ĉI ∈ Ci

such that for all cI ∈ Ci with cI > ĉI , φI(cI , c−I) = 0i. Proposition 1 follows

from i = n (in which case c−I is the empty tuple).

The basis (i = 1) is a simplified version of the induction step, so we

only prove the latter. Consider any i ∈ {2, . . . , n} and suppose the claim

above is true for i − 1. Fix any c−I ∈ Cn−i. Lemma 1 implies that, for

each qi ∈ N, quantity profile qI := (0i−1, qi) is associated with exactly one

transfer profile—or none if qI is not realized at any cI ∈ Ci. We can thus

define a function t̄i : N → R that maps each (0i−1, qi) into i’s transfer:

t̄i(qi) :=

τi(cI , c−I) if ∃cI ∈ Ci s.t. φI(cI , c−I) = (0i−1, qi)

0 otherwise.

Let ĉi ∈ C be such that ĉi(qi) > t̄i(qi) for all qi ∈ N \ {0}. By the

induction hypothesis, there exists ĉI−i := (ĉ1, . . . , ĉi−1) ∈ Ci−1 such that for

all cI−i := (c1, . . . , ci−1) ∈ Ci−1 with cI−i > ĉI−i, φI−i(cI−i, ĉi, c−I) = 0i−1.
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Defining c−i := (cI−i, c−I), it follows that φI(ĉi, c−i) = (0i−1, qi) for some

qi ∈ N. If qi > 0, the construction of ĉi implies that i’s utility is negative.

Thus, by IR, qi = 0. In sum,

∀cI−i ∈ Ci−1 s.t. cI−i > ĉI−i, φI(ĉi, c−i) = 0i. (A.3)

It remains to prove that (A.3) still holds when ĉi is replaced by any

ci ∈ C with ci > ĉi. First, we show that φi(ci, c−i) = 0. If φi(ci, c−i) > 0,

strategy-proofness (SP) is violated for ci because

u∗i (ci, c−i) = τi(ci, c−i)− ci
(
φi(ci, c−i)

)
< τi(ci, c−i)− ĉi

(
φi(ci, c−i)

)
≤ τi(ĉi, c−i)− ĉi

(
φi(ĉi, c−i)

)
= τi(ĉi, c−i)− ci

(
φi(ĉi, c−i)

)
= ui(ĉi, c−i|ci).

The strict inequality follows from φi(ci, c−i) > 0 and ci > ĉi, the weak

inequality from SP for ĉi, and the penultimate equality from φi(ĉi, c−i) = 0.

Finally, we show that φj(ci, c−i) = 0 for all j < i. Since φi(ci, c−i) =

φi(ĉi, c−i), GSP requires that u∗j (ci, c−i) = u∗j (ĉi, c−i). Hence,

∀cI−i ∈ Ci−1 s.t. cI−i > ĉI−i, u∗j (ci, c−i) = u∗j (ĉi, c−i). (A.4)

Let c̃j ∈ C be such that ĉj < c̃j < cj . Since j ∈ I and (c̃j , cI−i,j) > ĉI−i,

(A.3) implies that φj(ĉi, c̃j , c−i,j) = φj(ĉi, c−i) = 0. Thus, by SP for c̃j and

cj , τj(ĉi, c̃j , c−i,j) = τj(ĉi, c−i). If φj(ci, c−i) > 0, then (A.4) is violated at

(c̃j , cI−i,j) because

u∗j (c̃j , c−j) ≥ τj(cj , c−j)− c̃j
(
φj(cj , c−j)

)
> τj(cj , c−j)− cj

(
φj(cj , c−j)

)
= u∗j (cj , c−j)

= u∗j (ĉi, c−i) = τj(ĉi, c−i)− cj(0)

= τj(ĉi, c̃j , c−i,j)− c̃j(0) = u∗j (ĉi, c̃j , c−i,j).
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A.3 Proof of Proposition 2

By contradiction, suppose (φi, τi)i∈N is group strategy-proof and q∗-efficient

for some q∗ ∈ {1, 2, . . . }. By Lemma 1, there exist t11, t
2
1 ∈ R such that

∀cN ∈ Cn,
[
φN (cN ) = (q∗, 0, . . . , 0) =⇒ τ1(cN ) = t11

]
,

∀cN ∈ Cn,
[
φN (cN ) = (0, q∗, 0, . . . , 0) =⇒ τ1(cN ) = t21

]
.

For all c, c′ ∈ C, we write c ≪ c′ if ∆c(q∗) < ∆c′(1). Let

c′1 ≪ c′2 ≪ c1 ≪ c′′2 ≪ c′′1 ≪ ci ∀i ∈ N \ {1, 2}. (A.5)

Since c−1,2 is kept fixed below, we suppress its notation. By q∗-efficiency,

φN (c1, c
′′
2) = φN (c′1, c

′
2) = (q∗, 0, . . . , 0),

φN (c′′1, c
′′
2) = φN (c1, c

′
2) = (0, q∗, 0, . . . , 0).

Strategy-proofness for agent 1 requires that

u∗1(c1, c
′′
2) ≥ u1(c

′′
1, c

′′
2|c1) ⇐⇒ t11 − c1(q

∗) ≥ t21 − c1(0),

u∗1(c1, c
′
2) ≥ u1(c

′
1, c

′
2|c1) ⇐⇒ t21 − c1(0) ≥ t11 − c1(q

∗).

Since c1(0) = 0, it follows that c1(q
∗) = t11 − t21.

Let ĉ1 ∈ C be a small perturbation of c1 so that ĉ1(q
∗) ̸= c1(q

∗) and

(A.5) still holds when c1 is replaced by ĉ1. Repeating the argument above,

we get that ĉ1(q
∗) = t11 − t21 and thus ĉ1(q

∗) = c1(q
∗), a contradiction.

A.4 Proof of Lemma 2

The “if” is obvious. As for the “only if”, suppose (φi, τi)i∈N satisfies no

price envy (NPE) and zero transfer for zero quantity (0T0Q). Consider any

cN ∈ Cn. If φi(cN ) = 0 for all i ∈ N , then 0T0Q implies that τi(cN ) = 0

for all i ∈ N . Setting π(cN ) := 0, (3) and (4) hold.

Now suppose φj(cN ) > 0 for some j ∈ N . Consider any i ∈ N with

φi(cN ) > 0. If τj(cN )/φj(cN ) > τi(cN )/φi(cN ), NPE is violated for i because

φi(cN )
τj(cN )

φj(cN )
− ci

(
φi(cN )

)
> τi(cN )− ci

(
φi(cN )

)
= u∗i (cN ).
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Similarly, τj(cN )/φj(cN ) < τi(cN )/φi(cN ) violates NPE for j. Hence, there

exists π(cN ) ∈ R such that for all i ∈ N with φi(cN ) > 0, τi(cN )/φi(cN ) =

π(cN ) and thus τi(cN ) = φi(cN )π(cN ). By 0T0Q, τi(cN ) = φi(cN )π(cN )

also holds if φi(cN ) = 0, establishing (4). (3) is satisfied as well because, by

NPE, for all i ∈ N and qi ∈ N,

φi(cN )π(cN )− ci
(
φi(cN )

)
= τi(cN )− ci

(
φi(cN )

)
= u∗i (cN )

≥ qi
τj(cN )

φj(cN )
− ci(qi) = qiπ(cN )− ci(qi).

A.5 Proof of Theorem 2

A.5.1 Part a)

Let (φi, τi)i∈N be an n-price mechanism with 0 = p(0) ≤ p(1) ≤ · · · ≤
p(n) < ∞. Anonymity and uniform pricing obviously hold, so we only show

that (φi, τi)i∈N is group strategy-proof. Consider any cN ∈ Cn, G ⊆ N and

ĉG ∈ C |G|. Let ĉi := ci for all i ∈ N \G.

For some agent in G to gain from misreport ĉG, the price must increase,

that is, m̂ := µ(ĉN ) > µ(cN ). Using the definition of µ, it is easy to see that

∣∣{i ∈ N : ĉi(1) ≤ p(m̂)
}∣∣ = m̂ >

∣∣{i ∈ N : ci(1) ≤ p(m̂)
}∣∣.

Since ĉi = ci for all i ∈ N \G, there must exist i ∈ G with ĉi(1) ≤ p(m̂) <

ci(1). By (5), φi(ĉN ) > 0 = φi(cN ) and thus ui(ĉN |ci) < u∗i (cN ).

A.5.2 Part b)

Let (φi, τi)i∈N be a group-strategy-proof (GSP), anonymous uniform-price

mechanism. Note that, by Definition 9, (φi, τi)i∈N is individually rational

(IR). Definition 9 also implies “equal treatment of equals”, that is, agents

with identical cost functions get the same equilibrium payoffs. Nonetheless,

their allocations may differ. Lemma A.4 below deals with this technicality.

Recall that cG ∈ C
|G|
∗ means ci = cj for all i, j ∈ G.

Lemma A.4. For all G ⊆ N , (cG, c−G) ∈ C
|G|
∗ × Cn−|G| and i ∈ G, there

exists ĉG ∈ C
|G|
∗ such that for all j ∈ G, αj(ĉG, c−G) = αi(cG, c−G).

Proof. Since the proof is tedious, we relegate it to Supplement B.3.
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Our next lemma is a variant of the “taxation principle” (Rochet, 1985),

applied to groups of agents with identical costs. They collectively face a

price function, which is independent of their own reports, and then choose

their optimal quantity. This result hinges on group strategy-proofness and

anonymity; uniform pricing enters only indirectly via Lemma A.4.

Lemma A.5. For all g ∈ {1, . . . , n}, there exists a function πg
∗ : N×Cn−g →

R+ with the following two properties:

(i) For all q ∈ N, πg
∗(q, ·) is symmetric15.

(ii) For all G ⊆ N with |G| = g, (cG, c−G) ∈ Cg
∗ × Cn−g and i ∈ G,

φi(cN ) ∈ argmax
q∈N

{
πg
∗(q, c−G)− ci(q)

}
, (A.6)

τi(cN ) = πg
∗
(
φi(cN ), c−G

)
. (A.7)

Proof. Consider any G ⊆ N and c−G ∈ Cn−g, where g := |G|. We establish

the existence of a function π∗
G(·, c−G) : N → R+ such that for all cG ∈ Cg

∗

and i ∈ G,

φi(cN ) ∈ argmax
q∈N

{
π∗
G(q, c−G)− ci(q)

}
, (A.8)

τi(cN ) = π∗
G

(
φi(cN ), c−G

)
. (A.9)

Anonymity implies that π∗
G is symmetric in c−G and identical for all groups

G of size g, so we can define πg
∗ := π∗

G.

We start by showing that for all cG, c̃G ∈ Cg
∗ and i ∈ G,

φi(cG, c−G) ≥ φi(c̃G, c−G) =⇒ τi(cG, c−G) ≥ τi(c̃G, c−G). (A.10)

Since cG ∈ Cg
∗ , u

∗
j (cG, c−G) = u∗i (cG, c−G) for all j ∈ G. By Lemma A.4,

there exists ĉG ∈ Cg
∗ such that φj(ĉG, c−G) = φi(c̃G, c−G) and τj(ĉG, c−G) =

τi(c̃G, c−G). Contrary to (A.10), suppose φi(cG, c−G) ≥ φi(c̃G, c−G) and

τi(cG, c−G) < τi(c̃G, c−G). Then GSP is violated because for all j ∈ G,

u∗j (cG, c−G) = u∗i (cG, c−G)

= τi(cG, c−G)− ci
(
φi(cG, c−G)

)
15A function is symmetric if its value is unchanged by any permutation of its arguments.
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< τi(c̃G, c−G)− ci
(
φi(c̃G, c−G)

)
= τj(ĉG, c−G)− cj

(
φj(ĉG, c−G)

)
= uj(ĉG, c−G|cj).

(A.10) implies that, across cost profiles where the agents in G make

identical reports (i.e. cG ∈ Cg
∗ ), the transfer to each agent i ∈ G is entirely

determined by his quantity. Moreover, by Lemma A.4, the range of quan-

tities and transfers is the same for all agents in G. Hence, we can define a

function π∗
G(·, c−G) : N → R that maps each q ∈ N into i’s transfer:

π∗
G(q, c−G) :=

τi(cG, c−G) if ∃cG ∈ Cg
∗ s.t. φi(cG, c−G) = q

0 otherwise.
(A.11)

Let c◦G ∈ Cg
∗ be such that for all i ∈ G and q ∈ N\{0}, c◦i (q) > π∗

G(q, c−G).

By IR, φi(c
◦
G, c−G) = 0 and τi(c

◦
G, c−G) = π∗

G(0, c−G) ≥ 0. From (A.10), it

follows that π∗
G(q, c−G) ≥ 0 for all q ∈ N.

Note that (A.9) holds by construction. To prove (A.8), consider any

cG ∈ Cg
∗ and i ∈ G. Defining q := φi(cG, c−G), we wish to show that

π∗
G(q, c−G)− ci(q) ≥ π∗

G(q̃, c−G)− ci(q̃) for all q̃ ∈ N. There are two cases:

Case 1: ∃c̃G ∈ Cg
∗ s.t. φi(c̃G, c−G) = q̃.

(A.11) implies that τi(c̃G, c−G) = π∗
G(q̃, c−G). By Lemma A.4, there ex-

ists ĉG ∈ Cg
∗ such that for all j ∈ G, φj(ĉG, c−G) = q̃ and τj(ĉG, c−G) =

π∗
G(q̃, c−G). Since cj = ci, it follows that uj(ĉG, c−G|cj) = ui(ĉG, c−G|ci) and

u∗j (cG, c−G) = u∗i (cG, c−G). By GSP, u∗i (cG, c−G) ≥ ui(ĉG, c−G|ci). Thus,

π∗
G(q, c−G)− ci(q) = τi(cG, c−G)− ci

(
φi(cG, c−G)

)
= u∗i (cG, c−G)

≥ ui(ĉG, c−G|ci) = τi(ĉG, c−G)− ci
(
φi(ĉG, c−G)

)
= π∗

G(q̃, c−G)− ci(q̃).

Case 2: ∄c̃G ∈ Cg
∗ s.t. φi(c̃G, c−G) = q̃.

By (A.11), π∗
G(q̃, c−G) = 0. Recall from above that φi(c

◦
G, c−G) = 0 and

π∗
G(0, c−G) ≥ 0. Hence, by Case 1 applied to c◦G ∈ Cg

∗ ,

π∗
G(q, c−G)− ci(q) ≥ π∗

G(0, c−G)− ci(0) ≥ 0 > π∗
G(q̃, c−G)− ci(q̃).

Exploiting the uniform-price requirement, we now show that the func-

tions {π1
∗, . . . , π

n
∗ } from Lemma A.5 are all linear in q. Define a reference
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function π0
∗ by π0

∗(q, cN ) := qπ(cN ) for all q ∈ N and cN ∈ Cn, where π(cN )

is the uniform price from Definition 9. For all g ∈ {0, . . . , n}, G ⊆ N with

|G| = g, and c−G ∈ Cn−g, the set of allocations associated with πg
∗(·, c−G) is

Ag(c−G) :=
{(

q, πg
∗(q, c−G)

)
: q ∈ N

}
. (A.12)

By definition, A0(cN ) is the graph of a linear function with slope π(cN ).

Lemma A.7 below extends the linearity inductively to A1, A2, etc. The

proof uses the following auxiliary result.

Lemma A.6. For all g ∈ {1, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g,

i ∈ G and ci ∈ C,

Opt
(
ci, A

g(c−G)
)
∩Opt

(
ci, A

g−1(ci, c−G)
)
̸= ∅. (A.13)

Proof. Consider any g ∈ {1, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g, i ∈ G

and ci ∈ C. Let cj = ci for all j ∈ G \ {i}, so cG ∈ Cg
∗ . By Lemma A.5,

αi(cN ) ∈ Opt(ci, A
g(c−G)). Definition 9 says that αi(cN ) ∈ Opt(ci, A

0(cN )),

so (A.13) holds for g = 1. If g ∈ {2, . . . , n}, take any j ∈ G \ {i}. Since

cG−j ∈ Cg−1
∗ , Lemma A.5 implies that αi(cN ) ∈ Opt(ci, A

g−1(cj , c−G)).

Combined with αi(cN ) ∈ Opt(ci, A
g(c−G)) and cj = ci, we get (A.13).

Lemma A.7. For all g ∈ {1, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g and

q ∈ N, we have that πg
∗(q, c−G) = qπg

∗(1, c−G).

Proof. By definition of π0
∗, the claim holds for g = 0. Proceeding inductively,

let g ∈ {1, . . . , n} and suppose the claim is true for g − 1. Consider any

G ⊆ N with |G| = g, and any c−G ∈ Cn−g. By Lemma A.5, πg
∗(q, c−G) ≥ 0

for all q ∈ N. Suppose there exists q ∈ N such that πg
∗(q, c−G) > 0; otherwise,

we are done. The proof has three steps:

1. πg
∗(0, c−G) = 0.

2. πg
∗(1, c−G) > 0.

3. For all q̂ ∈ {1, 2, . . . }, if πg
∗(q, c−G) = qπg

∗(1, c−G) for all q ∈ {0, . . . , q̂},
then πg

∗(q̂ + 1, c−G) = (q̂ + 1)πg
∗(1, c−G).

The argument behind each step is similar, so we only establish 2, assuming

that 1 holds. Define
¯
q := min{q ∈ N : πg

∗(q, c−G) > 0}. By contradiction,
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suppose that
¯
q > 1. Let cG ∈ Cg

∗ be such that for all i ∈ G,

πg
∗(
¯
q, c−G)

¯
q

− ci(1) > 2
πg
∗(
¯
q, c−G)

¯
q

− ci(2) > · · · > πg
∗(
¯
q, c−G)− ci(

¯
q) > 0

and 0 ≥ πg
∗(q, c−G)− ci(q) for all q ∈ {

¯
q + 1,

¯
q + 2, . . . }; see Figure A.1. By

construction,

Opt
(
ci, A

g(c−G)
)
=

{(̄
q, πg

∗(
¯
q, c−G)

)}
.

From (A.13), it follows that

(̄
q, πg

∗(
¯
q, c−G)

)
∈ Opt

(
ci, A

g−1(ci, c−G)
)
. (A.14)

Since
¯
q > 0, the induction hypothesis implies that

Ag−1(ci, c−G) =

{(
q, q

πg
∗(
¯
q, c−G)

¯
q

)
: q ∈ N

}
.

Hence, by construction of ci,

Opt
(
ci, A

g−1(ci, c−G)
)
=

{(
1,

πg
∗(
¯
q, c−G)

¯
q

)}
. (A.15)

Since
¯
q ̸= 1, (A.15) contradicts (A.14). Thus, πg

∗(1, c−G) > 0.

To simplify notation, define πg(c−G) := πg
∗(1, c−G) for all g ∈ {1, . . . , n},

G ⊆ N with |G| = g, and c−G ∈ Cn−g. By (A.12) and Lemma A.7,

Ag(c−G) =
{(

q, qπg(c−G)
)
: q ∈ N

}
. (A.16)

The next lemma relates πg and πg−1, showing that the “removal” of an

agent from a symmetric group cannot raise the price for the remaining group

members.

Lemma A.8. For all g ∈ {2, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g,

i ∈ G and ci ∈ C,

πg−1(ci, c−G) = πg(c−G) if ci(1) ≤ πg(c−G),

πg−1(ci, c−G) ≤ πg(c−G) if ci(1) > πg(c−G).

Proof. Consider any g ∈ {2, . . . , n}, G ⊆ N with |G| = g, c−G ∈ Cn−g and
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q
0

¯
q

ci(q)

πg∗(
¯
q, c−G) πg∗(q, c−G)

1 2
0

Figure A.1: Illustration of ci in the proof of Lemma A.7

i ∈ G. There are three steps:

Step 1: ∀ci ∈ C, πg−1(ci, c−G) ≤ πg(c−G).

To the contrary, suppose there exists ĉi ∈ C with πg(c−G) < πg−1(ĉi, c−G).

Then, by (A.16), Ag(c−G) ∩ Ag−1(ĉi, c−G) = {(0, 0)}. Lemma A.6 implies

that (0, 0) ∈ Opt(ĉi, A
g−1(ĉi, c−G)), so πg−1(ĉi, c−G) ≤ ĉi(1). Let cG ∈ Cg

∗

be such that for all j ∈ G, πg(c−G) < cj(1) < πg−1(ĉi, c−G) and cj ≤ ĉi.

For all j ∈ G, πg(c−G) < cj(1) implies that Opt(cj , A
g(c−G)) = {(0, 0)} and

thus, by Lemma A.5, αj(cN ) = (0, 0). Also, for all j ∈ G \ {i}, cj(1) <

πg−1(ĉi, c−G) implies that u∗j (ĉi, c−i) ≥ πg−1(ĉi, c−G)− cj(1) > 0 = u∗j (cN ).

Finally, using ci ≤ ĉi and IR, ui(ĉi, c−i|ci) ≥ u∗i (ĉi, c−i) ≥ 0 = u∗i (cN ).

Therefore, GSP is violated for group G at cN via (ĉi, c−i).

Step 2: ∀ci ∈ C s.t. ci(1) < πg(c−G), π
g−1(ci, c−G) = πg(c−G).

For all ci ∈ C such that ci(1) < πg(c−G), (0, 0) /∈ Opt(ci, A
g(c−G)). Hence,

by Lemma A.6, Ag(c−G) and Ag−1(ci, c−G) share an allocation with positive

quantity. This is only possible if πg(c−G) = πg−1(ci, c−G).

Step 3: ∀ci ∈ C s.t. ci(1) = πg(c−G), π
g−1(ci, c−G) = πg(c−G).

By contradiction, suppose there exists ci ∈ C such that ci(1) = πg(c−G) and

πg−1(ci, c−G) ̸= πg(c−G). By Step 1, πg−1(ci, c−G) < πg(c−G). For all ĉi ∈ C
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such that ĉi(1) < πg(c−G) < ∆ĉi(2), Step 2 states that πg−1(ĉi, c−G) =

πg(c−G). Let cG−i ∈ Cg−1
∗ be such that for all j ∈ G \ {i}, πg−1(ci, c−G) <

cj(1) < πg−1(ĉi, c−G). By Lemmas A.5 and A.7, u∗j (cN ) = 0 < πg−1(ĉi, c−G)−
cj(1) ≤ u∗j (ĉi, c−i). We now show that u∗i (cN ) = ui(ĉi, c−i|ci), so GSP is vi-

olated. Since cj(1) < πg(c−G), Step 2 implies that πg−1(cj , c−G) = πg(c−G).

Hence, for all k ∈ G\{i, j}, ck(1) < πg−1(cj , c−G). Step 2 holds for groups of

any size, so πg−2(cj , ck, c−G) = πg−1(cj , c−G). Repeating this argument for

all agents in G \ {i}, we obtain that π1(c−i) = πg(c−G). Since ci(1) =

πg(c−G), Opt(ci, A
1(c−i)) = {(0, 0), (1, πg(c−G))} and thus u∗i (cN ) = 0.

Similarly, ĉi(1) < πg(c−G) < ∆ĉi(2) implies that αi(ĉi, c−i) = (1, πg(c−G))

and thus ui(ĉi, c−i|ci) = 0.

The next lemma pins down the individual unit price π1(c−i) that agent

i ∈ N faces when the other agents report c−i ∈ Cn−1. Loosely speaking, the

proof starts with the price πn that i would face if all other agents had the

same cost as him. Then we successively remove everyone except for i from

the symmetric group. By Lemma A.8, the price for the remaining group

members remains unchanged or decreases, depending on the first-unit cost

of the agent who is being removed.

Lemma A.9. There exists a sequence of prices 0 ≤ p(1) ≤ · · · ≤ p(n) < ∞
such that for all i ∈ N and c−i ∈ Cn−1,

π1(c−i) = p
(
µ1(c−i)

)
,

where

µ1(c−i) := max
{
m ∈ {1, . . . , n} :

1 +
∣∣{j ∈ N \ {i} : cj(1) ≤ p(m)

}∣∣ = m
}
.

(A.17)

Proof. By induction, consider any f ∈ {1, . . . , n − 1} and suppose there

exists a sequence of prices 0 ≤ p(f + 1) ≤ · · · ≤ p(n) < ∞ such that for all

g ∈ {f + 1, . . . , n}, G ⊆ N with |G| = g, and c−G ∈ Cn−g,

πg(c−G) = p
(
µg(c−G)

)
, (A.18)

where

µg(c−G) := max
{
m ∈ {g, . . . , n} :

g +
∣∣{j ∈ N \G : cj(1) ≤ p(m)

}∣∣ = m
}
.

(A.19)
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We show that there exists p(f) ∈ [0, p(f + 1)] such that (A.18) and (A.19)

hold for g = f .

As for the basis, note that c−G is the empty tuple when G = N , so πn

is constant. Defining p(n) := πn, (A.18) and (A.19) hold trivially for g = n.

Now consider any F ⊆ N with |F | = f , and any c−F ∈ Cn−f . With-

out loss of generality, let us relabel the agents so that F = {1, . . . , f} and

cf+1(1) ≤ · · · ≤ cn(1). Define F1 := F ∪ {f + 1}. Depending on the cost of

agent f + 1, we distinguish two cases.

Case 1: Suppose cf+1(1) > πf+1(c−F1).

First, we show that cg(1) > p(g) for all g ∈ {f+1, . . . , n}. By contradiction,

suppose that h := max{g ∈ {f + 1, . . . , n} : cg(1) ≤ p(g)} exists. Then

cf+1(1) ≤ · · · ≤ ch(1) ≤ p(h) ≤ p(h+ 1) < ch+1(1) ≤ · · · ≤ cn(1), so

f + 1+
∣∣{j ∈ {f + 2, . . . , n} : cj(1) ≤ p(h)

}∣∣ = f + 1+ |{f + 2, . . . , h}| = h.

From (A.19), it follows that µf+1(c−F1) ≥ h. Combined with (A.18), we get

that πf+1(c−F1) = p(µf+1(c−F1)) ≥ p(h) ≥ ch(1) ≥ cf+1(1) > πf+1(c−F1),

a contradiction.

Second, we show that µg(c−G) = g for all g ∈ {f + 1, . . . , n} and G :=

{1, . . . , g}. Since p(g) < cg(1) ≤ cg+1(1) ≤ · · · ≤ cn(1),

g +
∣∣{j ∈ {g + 1, . . . , n} : cj(1) ≤ p(g)

}∣∣ = g. (A.20)

Similarly, for all h ∈ {g + 1, . . . , n}, p(h) < ch(1) ≤ ch+1(1) ≤ · · · ≤ cn(1).

Thus,

g +
∣∣{j ∈ {g + 1, . . . , n} : cj(1) ≤ p(h)

}∣∣
≤ g +

∣∣{g + 1, . . . , h− 1}
∣∣ = h− 1 < h.

(A.21)

(A.20) and (A.21) together imply that µg(c−G) = g.

Third, we show that αg(·, c−F ) = (0, 0) for all g ∈ {f +1, . . . , n}. Define

G := {1, . . . , g}. For all cF ∈ Cf , Lemma A.8 implies that π1(c−g) ≤
πg(c−G). Moreover, by (A.18) and the previous two paragraphs, πg(c−G) =

p(µg(c−G)) = p(g) < cg(1). Thus, π1(c−g) < cg(1). From Lemmas A.5

and A.7, it follows that αg(cF , c−F ) = (0, 0).

Fourth, we show that πf (ĉ−F ) = πf (c−F ) for all ĉ−F ∈ Cn−f to which
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Case 1 applies (i.e. ĉf+1(1) > πf+1(ĉ−F1), once the agents have been re-

labeled as above). Repeating the arguments from the previous three para-

graphs, we get that αg(·, ĉ−F ) = (0, 0) = αg(·, c−F ). If πf (ĉ−F ) < πf (c−F ),

there exists cF ∈ Cf
∗ such that u∗i (cF , ĉ−F ) < u∗i (cF , c−F ) for all i ∈ F ,

violating GSP. An analogous contradiction occurs if πf (ĉ−F ) > πf (c−F ).

Hence, πf (ĉ−F ) = πf (c−F ).

It follows that there exists p(f) ≥ 0 such that πf (ĉ−F ) = p(f) for all

ĉ−F ∈ Cn−f that fall into Case 1. Note that p(f) ≤ p(f + 1) because

p(f) = πf (c−F ) ≤ πf+1(c−F1) = p(µf+1(c−F1)) = p(f + 1) by Lemma A.8,

(A.18) and the results above.

Finally, we show that µf (c−F ) = f , so (A.18) holds for g = f . For all

g ∈ {f + 1, . . . , n}, we know that p(f) ≤ p(g) < cg(1). Thus,

f +
∣∣{j ∈ {f + 1, . . . , n} : cj(1) ≤ p(f)

}∣∣ = f

and

f +
∣∣{j ∈ {f + 1, . . . , n} : cj(1) ≤ p(g)

}∣∣
≤ f + |{f + 1, . . . , g − 1}| = g − 1 < g.

From (A.19), it follows that µf (c−F ) = f .

Case 2: Suppose cf+1(1) ≤ πf+1(c−F1).

By Lemma A.8, cf+1(1) ≤ πf+1(c−F1) implies that πf (c−F ) = πf+1(c−F1).

Moreover, by (A.18), πf+1(c−F1) = p(µf+1(c−F1)). Using arguments similar

to those from Case 1, it can be shown that µf+1(c−F1) = µf (c−F ). Thus,

πf (c−F ) = p(µf (c−F )), as desired.

Lemmas A.5, A.7 and A.9 imply that for all cN ∈ Cn and i ∈ N ,

φi(cN ) ∈ argmax
qi∈N

{
qip

(
µ1(c−i)

)
− ci(qi)

}
,

τi(cN ) = φi(cN )p
(
µ1(c−i)

)
.

Define p(0) := 0 and for all cN ∈ Cn,

µ(cN ) := max
{
m ∈ {0, . . . , n} :

∣∣{j ∈ N : cj(1) ≤ p(m)
}∣∣ = m

}
. (A.22)

Our final lemma shows that agent i’s set of optima is the same at his individ-

ual price π1(c−i) = p(µ1(c−i)) and at the uniform price π(cN ) := p(µ(cN )).
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Lemma A.10. For all cN ∈ Cn and i ∈ N ,

argmax
qi∈N

{
qip

(
µ1(c−i)

)
− ci(qi)

}
= argmax

qi∈N

{
qip

(
µ(cN )

)
− ci(qi)

}
.

Proof. Consider any cN ∈ Cn and i ∈ N . First, suppose ci(1) ≤ p(µ(cN )).

By (A.22),

µ(cN ) =
∣∣∣{j ∈ N : cj(1) ≤ p

(
µ(cN )

)}∣∣∣
= 1 +

∣∣∣{j ∈ N \ {i} : cj(1) ≤ p
(
µ(cN )

)}∣∣∣.
From (A.17), it follows that µ1(c−i) ≥ µ(cN ) and thus p(µ1(c−i)) ≥ p(µ(cN )).

Since now ci(1) ≤ p(µ1(c−i)), we can apply (A.17) and (A.22) again to ob-

tain that µ(cN ) ≥ µ1(c−i). Therefore, µ(cN ) = µ1(c−i).

Second, suppose ci(1) > p(µ(cN )). By above, ci(1) ≤ p(µ1(c−i)) would

imply that µ1(c−i) ≤ µ(cN ) and thus p(µ1(c−i)) ≤ p(µ(cN )). But then

ci(1) ≤ p(µ(cN )), a contradiction. It follows that ci(1) > p(µ1(c−i)), so

argmax
qi∈N

{
qip

(
µ1(c−i)

)
− ci(qi)

}
= {0} = argmax

qi∈N

{
qip

(
µ(cN )

)
− ci(qi)

}
.

Finally, the agents’ equilibrium payoffs do not change when—as stated

in (5)—we pick the largest optimal quantity in cases of indifference.

A.6 Proof of Proposition 3

Suppose the agents’ costs are independent and identically distributed.

First, consider a fixed-price mechanism with price p ≥ 0. Breaking

indifferences in favor of the largest quantity, an agent with cost function c ∈
C optimally supplies q∗(p, c) := max{argmaxq∈N{qp − c(q)}}. The agent’s

contribution to the principal’s expected value is V (p) := (v − p)E[q∗(p, c)],
where the expectation is taken over c ∈ C.

Next, consider an n-price mechanism with prices 0 ≤ p(1) ≤ . . . ≤ p(n) <

∞. By Lemma A.10, the principal’s expected value due to an individual

agent i ∈ N can be calculated as follows:

Vn

(
p(1), . . . , p(n)

)
:=

n∑
m=1

P
[
µ1(c−i) = m

]
V
(
p(m)

)
.
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The principal’s total expected value is nVn

(
p(1), . . . , p(n)

)
. By Lemma A.9,

P
[
µ1(c−i) = n

]
= P

[
∀j ∈ N \ {i}, cj(1) ≤ p(n)

]
= P

[
c(1) ≤ p(n)

]n−1
,

P
[
µ1(c−i) = n− 1

]
= (n− 1)P

[
c(1) > p(n)

]
P
[
c(1) ≤ p(n− 1)

]n−2
,

and so on. In general, for all m ∈ {2, . . . , n}, P
[
µ1(c−i) = m

]
does not

depend on p(m− 1), . . . , p(1). Moreover,

P
[
µ1(c−i) = 1

]
= 1−

n∑
m=2

P
[
µ1(c−i) = m

]
.

Hence, p(1) enters Vn

(
p(1), . . . , p(n)

)
only through V

(
p(1)

)
:

Vn

(
p(1), . . . , p(n)

)
(A.23)

=

n∑
m=2

P
[
µ1(c−i) = m

]
V
(
p(m)

)
+

(
1−

n∑
m=2

P
[
µ1(c−i) = m

])
︸ ︷︷ ︸

independent of p(1)

V
(
p(1)

)
.

Let us replace p(1) with p1 ∈
{
p(1), p(2)

}
such that V (p1) = max

{
V
(
p(1)

)
,

V
(
p(2)

)}
. By (A.23),

Vn

(
p(1), . . . , p(n)

)
≤ Vn

(
p1, p(2), . . . , p(n)

)
= V (p1) +

n∑
m=3

P
[
µ1(c−i) = m

][
V
(
p(m)

)
− V (p1)

]
︸ ︷︷ ︸

independent of p(2)

+ P
[
µ1(c−i) = 2

][
V
(
p(2)

)
− V (p1)

]︸ ︷︷ ︸
≤0

.

Replacing p(2) with p1, the last summand above is equal to zero:

Vn

(
p1, p(2), . . . , p(n)

)
≤ Vn

(
p1, p1, p(3), . . . , p(n)

)
=

n∑
m=3

P
[
µ1(c−i) = m

]
V
(
p(m)

)
+

(
1−

n∑
m=3

P
[
µ1(c−i) = m

])
︸ ︷︷ ︸

independent of p1

V (p1),
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which is analogous to (A.23). Now repeat the argument, that is, first replace

p1 with p2 ∈ {p1, p(3)} such that V (p2) = max{V (p1), V (p(3))}, then replace

p(3) with p2. These two steps yield that

Vn

(
p1, p1, p(3), . . . , p(n)

)
≤ Vn

(
p2, p2, p2, p(4), . . . , p(n)

)
.

Continuing this way, we eventually obtain that Vn

(
p(1), . . . , p(n)

)
≤ Vn(pn−1,

. . . , pn−1) = V (pn−1). Hence, a fixed-price mechanism with price pn−1

weakly increases the principal’s payoff.
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