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1 Introduction

1.1 Background of the Weinberg angle

The weak mixing angle, also known as the Weinberg angle 0y, is a fundamental parameter in
the Standard Model (SM) of particle physics. It quantifies the mixing of the electromagnetic
and weak interactions under the electroweak U(1) x SU(2) gauge symmetry. Expressed as
sin? Oy = ¢%/(¢* + ¢'*), where q and ¢’ represent the gauge coupling constants for U(1) and
SU(2), respectively, the Weinberg angle governs the masses of the W and Z bosons via
sin? 0y = 1 — m¥,/m% [1, 2]. This parameter plays a pivotal role in precision electroweak
physics, offering a bridge between theory and experiment [1-6]. While this relationship



Source sin? Oy Uncertainty Reference

SLD 0.23098 £ 0.00026 SLD Col. 2000 [1]
NuTeV 0.2277 + 0.0016 Zeller+. 2002 [2]
CMS/LHC 0.2287 +0.0020 (stat) CMS Col. 2011 [3]
+ 0.0025 (syst)
LHCb/LHC 0.23142 + 0.00052 (stat) LHCb Col. 2015 [4]
+ 0.00056 (syst)
Low Q2 0.2328 + 0.0009 Davoudiasl+ 2015 [10]
D0/Tevatron 0.23147 + 0.00047 DO Col. 2015 [8]
DO/ Tevatron 0.23095 + 0.00035 (stat) CDF-+DO Col. 2018 [5]
+ 0.00020 (syst)
CDF+DO0 (Tevatron)  0.23148 + 0.00033 CDF+DO0 Col. 2018 [5]
LHCh/LHC 0.23147 + 0.00044 (stat) LHCb Col. 2024 [6]
+ 0.00005 (syst)
D0 /Tevatron 0.22269 + 0.00034 (stat) CDF+DO0 Col. 2018 [5]
+ 0.00021 (syst)
CDF+DO (Tevatron)  0.22324 £ 0.00033 CDF+DO0 Col. 2018 [5]
CODATA 0.22305 + 0.00023 Mohr+ 2024 [11]

Table 1. Experimental measurement of the effective weak mixing angle 6y, according to lepton-lepton
interactions (upper bock) and for hadron-lepton (lower block).

is theoretically predicted by the SM, the precise value of sin” Ay at a given energy scale
is influenced by experimentally measured parameters, such as the masses of the W and Z
bosons [7, 8]. An extensive review of low-energy precision measurements for sin? fy was
performed in [9] for weak neutral-current interactions, mediated by the Z boson.

Precision measurements and renormalization group equations have refined the SM
prediction of sin? Ay, for leptonic interactions, which is approximately 0.23152 + 0.00010 [7]
or 0.23124 £+ 0.00012 [10]. Empirical measurements from experiments such as those carried
out at the SLAC Large Detector (SLD) of the Stanford Linear Collider (SLC), the Compact
Muon Solenoid (CMS) and Large Hadron Collider beauty (LHCb) at CERN, and the Tevatron
collider at Fermilab have largely corroborated the SM predictions for lepton-lepton interactions
(table 1), with most results lying within statistical uncertainty [3, 4, 8, 11]. However, some
discrepancies in hadron-lepton processes hint at potential new physics [12].

Despite the success of the electroweak framework, integrating quantum chromodynamics
(QCD) into a unified theory remains a profound challenge. Grand unified theories (GUTs)
aim to merge the electroweak and strong interactions into a single theoretical framework,!

A GUT proposal must have at least rank 4. Recall that the rank of a Lie group is equal to the number
of diagonal (mutually commuting) generators in its Cartan subalgebra. For example, the rank SU(1,p) =
rank SU(1 + p) = p, while the factor U(1) embedded in U(1,3) provides an additional diagonal matrix (the
unitary), so finally the rang of U(1,3) is 4.



potentially refining predictions for sin? fy, [13-16]. For instance, the SU(5) GUT predicts a
value of sin? fy = 3/8 ~ 0.375 at the unification energy scale, which is around 1016 GeV [17,
18]. When running the renormalization group equations down to the electroweak scale (around
the Z boson mass), the predicted value of sin? fy ~ 0.21 [9, 17, 19]. Even smaller is the
mixing angle for the SU(5) x SU(5) theory (or double SU(5)), with sin? 6y, = 3/16 = 0.1875
at a unification energy scale; although it is expected to increase at lower energy scales [18].
Similarly, a minimally supersymmetric SO(10) can obtain values about sin? 8y, ~ 0.2210 [20].

1.2 Motivation and objectives
1.2.1 Motivation for U(1, 3)-based colored gravity

Double copy of su(N) and more generally double u(N) for N = 4,5 contain relevant subalge-
bras that are related to the lepton-quark interactions [21-23]. The su(4) algebra provides a
framework to unify quarks and leptons within the same symmetry group [24, 25], whereas
u(1,3) plays a significant role in describing the strong interactions of quarks and gluons in the
non-perturbative regime at large interaction distances [26]. Within this context, it is plausible
that the u(1,3) algebra could also support a quark-lepton unification model, analogous to
the su(4) case. Furthermore, u(1, 3) exhibits connections to Wess-Zumino-Witten models in
two dimensions and Chern-Simons theories in three dimensions [27, 28].

More recently, a proposal of colored gravity was successfully based on a double su(1, 3)
subalgebra [29]. Specifically, using a gauge-like treatment of teleparallel gravity equivalent to
general relativity (TEGR), Lagrangian density of colored gravity is isomorphic to a SU(1, 3)
Yang-Mills (YM) theory [29-31].

Colored gravity is motivated by the idea that U(1,3) gauge group emerges from the
complexification of Lorentzian manifolds and spinor field dynamics, offering a natural extension
to unify gravity with the SM [29]. In this framework, U(1) electromagnetism appears as a
subset, while SU(3) C U(1, 3) represents the strong interaction. The structure also supports
a Higgs mechanism that integrates leptonic and quark interactions into a unified description.

1.2.2 Objectives and structure of this work

This paper aims to extend the SM by embedding its symmetries into the U(1,3) gauge
group, providing insights into the weak mixing angle and its implications for unification.
The key contributions include:
o Showing a natural embedding of SU(3) and U(1) x SU(2) symmetries into the U(1, 3)
framework.
o Extending the Higgs mechanism to U(1, 3), linking the electroweak symmetry-breaking
process to broader unification.
¢ Providing theoretical predictions for the weak mixing angle under different interaction
contexts.

The paper is structured in five main sections. After the preliminary section 2 aimed
to set the foundational notation, section 3 introduces the key features of U(1,3)-based
colored gravity. Section 4 describes the embedding of the SM algebra representatives within
U(1,3) and identifies each fundamental interaction. Then section 5 develops the fit of Higgs
mechanism into the U(1,3) model by identifying the generators involved and provides a



first prediction of the weak mixing angle. Finally, section 6 collects the main insights and
concluding remarks to interpret the results and outlines directions for future research.

2 Preliminaries

2.1 Spacetime algebra

This subsection summarizes the key concepts from [32, 33]. Let (M, g) be a 4-dimensional
Lorentzian manifold with Minkowski bundle M — TM and frames {z#, 2%}, 4. The space-
time algebra Cly3(R,h), with metric tensor h = g or 7, is generated by {v,}, and {vV,}a,
which satisfy:

1

Uy * Uy = 5('0#@1/ + qu,u) = gul/14a (2'1)
1

Ya * Vo = 5(%% + WYa) = Napla, (2.2)

where - is the symmetric (dot) product, and 14 is the identity matrix. The antisymmetric
(wedge) product is defined as:

vy Ay = i(v,ﬂ)y — UU,) = 5[7’#’ vy, (2.3)
1 1
Ya A = 5 (Ve = W) = 50 ) (2.4)

The algebra generators decompose into symmetric and antisymmetric parts: v,v, = v, -
vy + v, A vy, and similarly for v47;,. The tetrad components relate to spacetime generators via
vl = el y" and v = e,"v", satisfying orthogonality: v, - 7t =614 and Uy s 0F =gy = 1y

The symbols v,, and 7, emphasize their connections to the four-velocity covector u, =
dz,/dr and Dirac gamma matrices, respectively. Distances defined by the generators mirror
those from w,dx*. The spacetime element is d7 = v,dz* = ~,dz®, and the metric is
derived as:

14d7'2 =dr.-dr = (UM . 'l)l,)d.’L"u'd.Z'V = 14g’u,/dl'ud.’£'y

= (Ya - %)dfﬁad?ﬂb = 1477abd$ad:xb.

This formalism encapsulates spacetime geometry in terms of Clifford algebra, providing
a robust foundation for describing both the kinematics and dynamics of fields in curved
spacetimes. By leveraging these structures, our framework enables an extension of SM
symmetries to incorporate gravity through the deformation of the spacetime generators by
the u(1, 3) algebra, which may imply a noncommutative spacetime structure. This possibility,
and its implications for Lorentz invariance, are further discussed in section 5.4.

2.2 Complexified Minkowskian spacetime and spinors

Let (M, n) represent the Minkowskian manifold with the metric n = diag(1,—1,—1, —1), and
let (M€, n°) denote its complexification, defined as M := M @ i M, where i := epejezes
is the unit pseudoscalar constructed using the vector basis {e,}3_, of M [34, 35]. The
complexification introduces additional degrees of freedom, allowing the description of both



real (e.g., velocity and momentum) and imaginary components (e.g., angular momentum
and magnetic moment), whose behavior under parity inversion differs. The terms imaginary
and complezification arise from the property i? = (epejeses)(eperezes) = —1, with e;e; =
e e + e Nej.

In the framework of M€ > a,b, the inner product structure is defined by

n(a,b) :=nla+iz, b+iy):=
= U(a» b) + 77(337 y) - in(‘r? b) =+ in(a7y) )

where a =a+iz and b = b+ iy, with a, b, x, and y being real tangent (vector) fields on M.
This definition ensures that both the real and imaginary components of vectors contribute
to the overall geometry in a consistent manner.

As an example, any spinor (a Spin—% particle) can be expressed as ¥ = u +is € M€,
where u represents the unit four-velocity or its linear momentum, and s denotes the four-
dimensional spin angular momentum, which is linked to the Pauli-Lubanski pseudovector [35].
The spacetime coordinates are therefore formulated as spinor-valued entities within the
complexified Cl; 3(R) ® C algebra. This representation explicitly extends the real Lorentzian
spacetime to a complex manifold M€, enabling a unified description of momentum and spin
dynamics while preserving Lorentz invariance, that is, into a relativistic two-state prescription.
For example, the interaction of an electron (or similar charged particle) with mass m, spin s,
and Landé factor g = 2, in the presence of an electromagnetic field F', can be described as:

%W" ~ up’ Fg®, (2.5)
where ¢ = u+is and p = & Ls ~ s is the magnetic moment [34]. This equation highlights
the coupling between the spinor’s intrinsic properties and the external field.

In the Dirac spinor formalism, both the electron (particle) and positron (antiparticle)
are represented within the four-component spinor ¢ = (x x¢) ', satisfying the Dirac equation
(iv*0y —m)y = 0. The upper two components (represented by x correspond to the electron,
while the lower components (from x¢) describe the positron, whose interpretation as an
antiparticle arises via charge conjugation: ¥¢ = C@T, where C is the charge conjugation
matrix, 9 is the complex conjugate, and therefore (x¢)¢ = x. This unified description captures
both particle and antiparticle dynamics within a single framework.

The four-component spinor 9 can be expressed in the Weyl or chiral representation as
Yehiral = Y1 + 9 = (x£ 00T + (0 xr)" = (xz x&r)", where xp = 75 (x +x°) and xr =
% (x — x¢) are the two-component Weyl spinors in the same chiral basis.? Then, using the
Clifford algebra {'}?_ for the left- and right-hand projectors Pr, = 2(1—~°), Pr = 3(1++°)
3 the spinor can be decomposed as ¥, = Prchiral and g = Prtchiral-
Moreover, the Dirac equation is now (F — o - p)tgr = myp, and (E 4 o - p)r, = mig with

with 77 := iy9yly2y

Pauli matrices o, momentum p = mv € R3 and energy E? := m? + p2. In contrast to the

I 1
2This is equivalent to apply the unitary matrix Upira = % (I I) to ¥ — Yehiral = Uchirat®, and

therefore 1¢r, = PLUchirai? and ¥r = PrUchirai?)-



Dirac representation, this decomposition enables a detailed analysis of left- and right-handed
states, which are fundamental to weak interactions.

In the context of particle dynamics, the four-velocity is u* = #(l,v), and the

Vi-v2
spin pseudovector is s#* = %e‘“’p"u,,Jpg, describing the motion and spin of both particle
and antiparticle. For an electron at rest, u# = (1,0,0,0) and s* = (0,0,0, i%), where :l:%
denotes spin alignment. The positron’s u and s have the same forms but correspond to its
specific quantum state, with negative energy solutions of the Dirac equation reinterpreted
as positive via field quantization.

To robustly compute these quantities from a spinor v, bilinear covariants are obtained
from u# = pyH1p and sH = %e’“’ PT Y poth, Where ¢ = Y49 is the Dirac adjoint, while e#P?
is the Levi-Civita symbol and v,, are the Lorentz transformation generators v,, = %[’yp, Yol
These expressions ensure that u* and s* are well-defined geometric quantities® derived from
the spinor ¢ and the Clifford algebra structure, making them representation-independent.

For instance, the four-velocity from the chiral representation is u° = XTLXR + XEXL =1, u =

XJrLaiXR — X%aiXL = 0 for a spin up particle at rest x;, = xgr = %(1 0)", while the spin

pseudo-vector is s* = (0,0,0,+3).

2.3 Natural U(1, 3) group in gravity

Let (M, g) represent an oriented Lorentzian 4-manifold with metric signature (+, —, —, —),
equipped with a spinor structure or an oriented loop space LM.

The real tangent bundle of M, denoted by TM, can be complexified to T°M = TM @ C =
Me. Tts associated frame bundle forms a principal GL(4, C)-bundle, written as L¢(M) — M.
The real Lorentzian metric g on TM extends naturally to T¢M as a Hermitian form:

gla+iz,b+iy) = g(a,b) + g(z,y) — ig(x,b) +ig(a, y),

where a, b, z,y are real vector fields on M. This extension preserves the Lorentzian signature
(+, —, —, —) while introducing a consistent framework for handling complexified spacetime
geometries.

Reducing L¢(M) — M to a principal U(1, 3)-bundle requires preserving the Hermitian
structure of the metric. Additionally, the volume form defined by ¢ and the orientation of M
reduces the structure group further to SL(4,C). Combining these reductions, one obtains a
principal bundle with structure group U(1,3) N SL(4,C) = SU(1,3).4

The Levi-Civita connection lo? induced by g extends to T°M as lo?c, serving as a torsion-
free reference connection among all possible SU(1, 3) connections on T¢M. This torsion-free
extension ensures compatibility between the classical geometry of M and the complexified

spacetime.

3These quantities arise from bilinear covariants constructed with Clifford algebra, providing a coordinate-free
geometric interpretation.

4According to [36, Proposition 5.6], such a reduction corresponds to a global section of the bundle of
oriented orthonormal frames over M. Formally, this section exists if and only if

L°(M) x GL(4,C)/SU(1, 3)
GL(4,C)

— M,

where GL(4, C) acts on GL(4,C)/SU(1, 3) via left multiplication.



Within this framework, the gauge theory of the non-compact group U(1, 3) is considered, a
topic that has long been debated in relation to the properties of quantum field theories (QFTs)
based on such gauge groups [28, 37, 38]. Managing the non-compact nature of these groups
often requires gauge-fixing methods, such as the Faddeev-Popov procedure, where ghost fields
and techniques like the Lorenz gauge ensure unitarity and identify the physical degrees of
freedom [39, 40]. While addressing the complexities of quantization is outside the scope of this
work, we assume a framework bridging the classical SU(1,3) YM formalism with a gauge-like
treatment of teleparallel gravity, as described in [29]. The analogy to chromodynamics
motivates the term colored gravity, emphasizing its connection to the strong force.

For simplicity, we take M = M to be Minkowski spacetime, which is a parallelizable and
non-compact manifold. This allows for a global section of the frame bundle, thereby admitting
a spinor structure. The spinor structure is essential for defining a U(1, 3)-colored connection,
which governs the parallel transport and covariant differentiation of spinor fields. At this
stage, perturbations of the Minkowski metric involving spinors are considered negligible for
the purpose of defining the spin structure.

3 Colored gravity

3.1 A gauge-like treatment of gravity

The colored gravity theory proposed by [29] is based on the idea of a classical-to-quantum
bridge between the SU(1,3) YM gauge formalism and the gauge-like treatment of teleparallel
gravity. This framework provides a novel unification by linking an extended TEGR to a
U(1,3) x U(1, 3) gauge theory, offering a reinterpretation of gravity as a gauge-like interaction
(see details in appendix A).

Particularly, spacetime algebra extended with the Weitzenb6ck connection can be assimi-
lated to a local complexification based on the SU(1,3) YM theory producing Maxwell-like
dynamics [30, 31, 41]. As mentioned in section 2.3, the pseudo-unitary group U(1,3) is
naturally found in the complex hyperbolic space CH?, also noted as H%. This space, char-
acterized as a Kédhler manifold [42, 43], possesses three mutually compatible structures: a
complex structure, a Riemannian structure, and a symplectic structure, making it a versatile
mathematical framework for exploring unified theories. In colored gravity, YM dynamics
emerges from locally-deformed tetrads, recovering features of classical electrodynamics [29].
The term ‘deformation’ here refers to how the U(1,3) gauge potential A, extends the space-
time algebra, modifying both spinor frames and local geometric structures. While formally
analogous to YM fluctuations — where the background remains Minkowskian but acquires
gauge corrections [44, 45] — this framework extends beyond small deviations to encompass
finite deformations of the algebraic structure under u(1,3) symmetry.

3.2 Transformed spinors

Let ¥ = {wn}ﬁzl be a multiplet of four Dirac spinors on M, where each spinor 1), consists
of four components and represents fermionic fields. These spinors can be written as |¥) €
M4(C) = C x Cly 3(R, g). The total spin of ¥ ranges from —2 to 2, and the spinor fields
describe particles with the same energy m > 0, encoded in the four-momentum m, satisfying



m - m = m?1,. The components of m are given by m, = m - ,, linked to the classical
momenta by m, = mu,ly := mdf—:h. Consequently, the velocity is u := m/m = v u,,,
and the spacetime element is d7 := v,dz", leading to:°

U =exp(—im-dr)¥Ys(m). (3.1)

This phase formalism elegantly links the momentum of spinor fields to spacetime evolution.

The gauge potential A = A,4" is also expressed via the spacetime algebra [46], where
A= Adxt € Q' (M, u(1,3)) represents a connection on the U(1,3)-bundle with components
Ay = Aiﬁ 7 in a basis {£/}}%, of u(1,3). The gauge fields are assumed to transform under
the adjoint representation of U(1, 3), in line with standard treatments of gauge fields in
YM theories (appendix A.1 and B). The origin A(0) of the U(1, 3) gauge potential can
be defined using covariant Liénard-Wiechert or Cornell-like forms. Normalized using the
quadratic Casimir operator, we will choose an origin A(0) proportional to the momentum
m = mktvy, = m,y" as follows:

q q

where ¢ is the U(1,3) coupling constant (or from the subgroup considered) and k = 87G
is the gravitational constant, built with the Newtonian constant G.

The associated covariant derivative transforms as V, = 0,, — iqA,, introducing a phase
p(x) = —qA,dz? into the spinor field. This yields the unitary transformation U(z) =
exp(ip(z)) and the transformed spinor

U U= U(x)¥ = exp (—i (m - v, + gA,) dz") Uo(m). (3.2)

The covariant derivative V,, remains symmetric under the transformation, @T@M\TI = \I/TVM\I!,
where @u = U(z)V,U'(z). The unitary operator UT(x) is connected to the Wilson loop
and generalizes the Aharanov-Bohm effect [47].

The compensatory phase ¢(x) modifies the spacetime generators v, resulting in the
deformed generators

N q
Yo > A = *yu—i—/fAu-A(O):*y#—l—A#-a, (3.3)

where 1/m := m/m?. Similarly, the momentum m and velocity u are transformed as

. . m qA
m—m:=m+¢A, u—lt:=—=u+-—.
m m
Thus, the transformed velocity satisfies
Uy > Uy =ue Ay, = lauy, + AM%, (3.4)

where 4, € R@u(1,3)/R = R @ su(1,3).° This demonstrates how spacetime translations,
such as 0% = Gd7 = #4,07, extend naturally within the new framework, generalizing

5We introduce the spacetime dependence of a spinor field as a phase-displacement operator exp (—im - d)
applied to the initial phase o (m).
5Here, R is regarded as a subspace of gl(4,C) via the injection a — als.



the Poincaré algebra.” These constructions provide a geometric foundation for describing
transformed spinor dynamics in curved or complexified spacetime geometries.

In our framework, U(1,3) gauge fluctuations modify the spacetime algebra itself (eq. (3.3)),
unlike YM theories, where fluctuations occur on a fixed background. This aligns with
teleparallel gravity, where the gauge connection directly determines the spacetime geometry
through torsion.

3.3 Colored metric

As a result, if we denote by A := A — A(0) the relative gauge with coordinates fl# =A. Yus
the final metric components are

Guv = '%L : ’AYV = 77uu14 - /@Zly . Ay + /QA;L(O) . Au(o)
= N la — KA, - Ay + 2qAu) /m, (3.5)

where A, = A -, is a U(1,3) gauge potential (boson), and the last term represents a
gravitational source at the potential origin. The first perturbation term, A, - A,, corresponds
to a gravitation spacetime linked to a pair of entangled bosons (i.e., a candidate for a graviton).

Given that A € u(1,3) and u € R'3, fluctuations of the complexified metric can be
symbolically expressed as

gon+ARA~n+ (ud A)® (ud A),

where 7 is the background Minkowski metric. These fluctuations, mapped through canon-
ical tensor product isomorphisms, correspond to elements of the extended tensor space
R @u(1,3)) ® (R ®u(l,3)), significantly broadening the conventional scope of the
tensor space R @ RL3,

Geometrical description. In this formulation, there is an operational equivalence between
the torsion 2-form (field strength of our extended TEGR) and the U(1,3) field strength,
which is geometrically interpreted as a curvature 2-form (appendix A.3, eq. (A.8)). Here, the
double-copy of gauge fields A € u(1, 3) plays the role of coupled torsion fields. This allows
us to metaphorically represent the extended metric as a double helix structure, formed by
pairs A ® A of entangled u(1,3) vector fields, instead of the classical rotated-transportation
analogy of ‘spatial curves with torsion’.

Physical description. The entangled® pairs are physically interpreted as bosons (e.g.,
photons in QED), which act as virtual particles facilitating interactions within the extended
symmetry group of spacetime. In a more general sense, these fields correspond to the
connection of a double-copy gauge transformation governed by an extended Poincaré algebra
R @ u(1,3).

"Although the spacetime coordinates are formally expressed using spinors, the formulation retains a classical
Lorentz-invariant structure via Clifford algebra.

8The term “entangled bosons” is used metaphorically to describe coupled gauge field components ApAyy in
the linearized gravity g ~ n+ A ® A. While evocative of quantum language, the theory remains classical here,
and the graviton is interpreted as an effective geometric excitation that requires future quantum interpretations
in a separate paper.



Classical limit. When metric fluctuations are restricted to diagonal components, the
resulting metric generates a Cly(C) algebra defined by {‘y#}izo. This framework recovers
classical geometrical structures, such as the Kaluza-Klein metric and the Kerr-Schild form (or
their Kerr-Schild-Kundt perturbations), where g ~ n+ A ® A. Prominent examples include
the Kerr-Newman and Reissner-Nordstrom black holes [48].

Therefore, we need to distinguish between simple and extended gravity. For simple (or
classical) gravity, only identity-proportional terms in A ® A can effectively interact with the
classical sector of the metric 147, and velocity 14u, components by injection 14a +— a € R.
In this sense, classical gravity is an Abelian case of deformations in the extended metric via
the U(1,3) gauge symmetry, like electromagnetism [29]. The only difference is the double
copy of the gauge field A(, 4, required in the metric tensor (spin 2) versus the unique field
A,, for the limit approaching electromagnetism. Therefore, the graviton is not a fundamental
particle in this proposed framework, but it is a bilinear composition of gauge bosons (e.g.
photons), which should be further explored to see whether they are extended to non-Abelian
sectors at unification energy scales.

At the current stage of the work presented in the following sections, all developments of
SM embedding are limited to the first generation of fermions, excluding graviton interactions.
However, extensions of the model could be explored with horizontal (flavor) symmetries from
the second part of the double copy mentioned above, enabling a composed hypercolor-flavor
graviton. Although interesting, these points are beyond the scope of this article.

4 Embedding of SM generators

For the matrix representation of the u(1,3) algebra, we select an orthonormal base B
of four elements so called 1 ‘lepton’ (1) and 3 ‘colors’ (r,g,b) to identify with the (1,3)
signature of the metric, which is B = {|l),|r),|g),|b)} and their corresponding dual basis
BY = {{],(¥],{gl, (b|}. The group linked to this algebra is acting on the four-dimensional
Dirac spinors ¢ = (¢,%¥R), where 91, and 1r are two-component Weyl spinors. We then
consider the state configuration |¥) of a multiplet ¥ consisting of four Dirac spinor fields
U = (1,12, %3,14) B, each with two possible states, up and down (|f}),|{})) for both the
lepton and color elements, and |0) represents an empty state.” For instance, consider the
following initial up-down balanced configuration (with normalization omitted):

m
=M S wenmem+welg+ines . (4.1
o D S S A
1) ’

B

Let {dps(z)}12, represent a set of 16 infinitesimal angles or real phases of ¥ at the
position € R3. Then, consider it as a transformation produced by the unitary operator
U(x) = exp(idpr(z)¢*) € U(1,3), where {¢2}12, is the set of generators of the non-compact

9To become familiar with this selection, one can consider the isospin to interpret the up and down states
of the lepton element as the neutrino (v) and the electron (e), respectively, while the states for the colors
correspond to the quark flavors, up (u) and down (d).
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U(1,3) group. In other words, they allow its unitary relation UT(z)n; 3U(z) = 113 with
Hermitian adjoint operator U'(z) := exp(—idpr(2)¢®), and therefore satisfy the hermiticity
condition (¢7)T = nfrn~'. Therefore, these generators are 15 traceless (i.e. ensuring det U = 1)
from SU(1,3) € U(1,3) and 1 generator equivalent to the identity from U(1) symmetry.

To display a matrix representation, we choose the scaling % in order to obtain a trace-
relation normalization of Tr({r¢;) = %5 17- They can be classified into five categories:

1. U(1); simple symmetry: the identity generator ¢y = I'y linked to a U(1) gauge
potential B¥* — A‘G(l) = BM'y is

1000
1 0100 1 i ) i
To=5% o010l = 273 d+Inl+lg) (gl + o) (D), (4.2)
0001

This generator is responsible of the classic gravity within the U(1, 3) colored gravity
(eq. (3.5)).

2. SU(3), strong symmetry: a subset of 8 objects {¢,}5_; corresponds to the generators
of the compact subgroup in SU(1,3), which can be located in the lower 3 x 3 block
of the matrices that are totally lepton-decoupled and mimic the SU(3) Gell-Mann
matrices {\,}o_; and their gauge potentials {G*}_, to represent AgU(B) =8 GFA,.
Abusing the notation, we will say that {£,}5_; = {\,}5_; although the last three where
conveniently modified:

0000 0000 0000
110010 1{100—=io0 1{o1 00
)\1:7 ) )\2:7 ' ) )\3:7 )
210100 210400 2100-10
0000 0000 0000
0000 000 0 000 0
10001 1000 —i 1 010 0
)‘4:7 3 )‘5:7 ! ) )‘6:7 ) (43)
20000 2000 0 2v3 (001 0
0100 0i0 0 000 —2
0000 000 0
110000 1000 0
Ar =5 ;A=
210001 21000 —i
0010 00i 0
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3. One U(1), hypercharge symmetry: a non-compact representative y,, of su(1,3) is
also diagonal like A\g and A3, and it is isomorphic to the unit:

3000
1 o100
Yw = 4.4
2v6 |1 0 010 (4.4)
0001

Like the T'g, the operator y,, is coupled to the lepton sector (i.e. first row/column) as a
part of the electroweak interaction. At this point we define total U(1) symmetry as
(U(M)r x U(1)y) /Zs, with the following u(1) algebra representative:

—-1000
1 1 0100
+
T = £ (V20 + V6y,) = = . 4.5
5( ) =3 0 010 (4.5)
0 001

This object recovers the signature of the spacetime and, at rest, induces a symmetry
to keep the spatial components together. On the other hand, the y,, operator is also
fundamental for defining six completely-diagonal operators:

1
+
= +—(V6byy — V3 + 3A 4.6
2301 3(\fy V36 + 3)3) (4.6)
1
+
= +—(V6byy — V3¢ — 3A 4.7
2Lt 3(\fy V3s 3) (4.7)
1
+
= £+ —(V6yy + 2vV3A 4.8
2141 3(\fy +2v/3X6) (4.8)

+ _+ + _+ + _+ .
where Tr(2)3 1275,4) = Tr(z 2 ) = Tr(2)342034) = 1= Tr(x*x®). Due to its role
in these equations, we define weak hypercharge as'®

—3000
1 1lo100
Y == =6y, = = . 4.9
377610010 (4.9)
0001

Operators of eq. (4.6)—(4.8) are useful to obtain eigenvalues of the multiplets.
For instance, comsider |U) = |UT) = (|I),[1),[4),|M)B, or [¥) = [¥7) :=
M5 1S 1) 1) st For |UF), we will use Zj_TH since its eigenvectors are

= (19),10),10).10)), = (10),11),10),10)), Ugi= (10),10),]4}.10)), and fip:=

10For left-chiral fermions (er,ur,dr,ur), the weak hypercharge will be Yy = %(71, %, %, %) in this paper.
HEollowing the same familiar example above, |[¥F) = (|}, 1), |V),|M))s corresponds to a proton

(1) [ 5 [1)) together with an electron ([4)), while [¥7) = (|1}, [4), [1),|[¥))5 is a neutron ([U),[M),[4))
with a neutrino (|1)).
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(10),10),10), 1)), so

2y b= ; s

i e = ; fir (4.10)
it Yo =3 o

Zh e = ; o -

Therefore, for our initial conﬁguratlon [Ty = (JU), 1), ), 1) B, we identify the third
weak tsospin component T3 = ZM It and the electric charge can be finally defined as
Q="Ts+Yy."?

. First part of 3 x SU(2), weak symmetries: also interacting with the lepton
sector, another subset of 3 non-compact rotation generators can be identified among
the SU(1, 3) generators as follows, one per each color linked:

0100 0010 0001
~1000 0000 0 000

wfza:i1 ,wfq:il ,wfb:il ;o (4.11)
’ 210000 ’ 21-1000 ’ 210000
0000 0000 -1000

that can be physically interpreted as responsible of SU(2) decay procedures, since they
have correspondence with three ladder operators:

T;t == wlr (\/>>\6 - )\3) (412)
Tg:t = wl g (\[)\6 + )\3) (4.13)
T," = wy, + >\3. (4.14)

The T+ and TbjE operators can apply to initial- conﬁguration eigenvalues
j:(—%,—i—%, —%,—i—%), while TbjE applies to j:(—f, —2,+2,+ ). For example, consider
the operator T acting on |¥F), so

Ty = T(10) 1), [V) . 1) s —

- (HT) ) HL) ) ‘U’> ) HT>)B =M\ |\I}7>
T ‘\I’_> = Tr_(|ﬂ> ) |U> ) |TT> ) |ll>)B —
= (1), 1), 1), 1) B = A7 [¥F),

where the sign + or — only depends on the initial configuration of |[U*).13 The
corresponding eigenvalues (action of sz H) have been omitted by simplicity.

12Tn our case, the factor 2 of the SM equation Q = T3 + %YW is absorbed by the definition of Y and the

2

electric charge of |¥) is then Q(|¥™)) = (—1,+2/3,—1/3,+2/3), as expected.
13Notice that our initial configuration does not allow the action of Tgi as the green position is not up.
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5. Second part of 3 x SU(2), weak symmetry: finally, a subset of 3 non-compact
generators corresponds to boosts between lepton/time and color/spatial components:

0i00 00i0 0004
117000 110000 110000

wi =+ | L wi, =+ L wE, = 4 . (4.15)
’ 210000 ' 217000 ’ 210000
0000 0000 i000

These generators are part of three subalgebras, su(2),, su(2),, and su(2);, isomorphic to

su(2), whose representative bases are w, = {w(jfc, wfc, w;’c} for ¢ € (r, g,b) and diagonal

matrices wgfc defined from the hypercharge generator of the mixing U(1) y a8 follows:

~1000
1 110100
+ _ _+ _
ww_zmmiimgM—Ag_ii 0 o000l (4.16)
0000
~-1000
1 110000
_ =x _
ww_wwmia%ﬁm%@—ii 0 otol (4.17)
0000
~-1000
110000
+ _ _+ _
wo,b*Zwu:F)‘S*ii 0 000l (4.18)
0001
+

and wa—Lb) complete the last part of

These three independent generators (wgfr, w
+

0,

our triple su(2) algebra: su(2),, su(2),, 5u(2)b.gHowever, the vector space of {wafr, Wy g
w({b} is equivalent to the generated by {3, X¢, Y }, where two of them (A3 and \g) are
already used in the SU(3), symmetry. Thus, only one generator wg—tc (from the three
colors ¢ € {r, g,b}) needs to be chosen to replace y,, every time the SU(2), symmetry
acts.

eff

Therefore, we need to reduce the triple su(2) basis to just one effective algebra su(2)S)

by removing the choice of color,
su(2)°T .= choice{su(2),, su(2)y, 5u(2)s}, (4.19)

so we obtain the effective set of SU(2), symmetry generators. Using any of the
three equivalent bases w. with ¢ € {r,g,b}, the gauge potential can be defined as

AgU(2) = WkHwé, where w? is an element of the basis w. = {wg}gzl for ¢ € {r,g,b}.

If the colors are assumed to be equiprobable (e.g. in a lepton-lepton interaction), the
1

effective basis of our su(2) becomes a g-weighted mixture of

+ + +. . + + . =+ + .
{w3,,, w3 g, Woys W, WY gy Wit 213140 A6 > A} =1 Wy (4.20)
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Notice that sz It itself, or originally represented by v, plays a central role in our su(2)
algebra by providing eigenvalues of the spinor multiplet, so it is expected to participate
in all the cases.

Therefore, the mapping of the lepton-decoupled SU(1, 3) generators to the 8 represen-
tatives of the su(3) algebra, plus the identification of the U(1)r generator and the effective
SU(2),, illustrate the embeddings of SU(3) and U(1) x SU(2) into U(1,3). At this point, it is
important to note that the purely color generators of SU(3) € SU(1, 3) do not directly interact
with the lepton subspace, so they do not require a dedicated symmetry-breaking mechanism.
Only during the procedure of the operators {wi:c}?zo color generators play a role, which is just
to balance the spatial region after disequilibrium caused by the rotation/boost between the
lepton and color regions (which is interpreted as a decay procedure). Due to the non-compact
nature of the SU(1,3) group, the lepton and hadron numbers are separately conserved.'4

In contrast, the interactions between the diagonal generators I'y and sz 1t introduce a
potential mixing between the gauge potential B, of U(1)r and the W/ bosons linked to w? in
SU(2). This results in weak interactions involving lepton-quark decays and supports the Higgs
mechanism for mass generation (section 5). Thus, the breaking U(1,3) — SU(3) xSU(2) x U(1)
is also achieved through the Higgs mechanism as it preserves:

o The SU(3) subgroup acting purely on colors (eq. (4.3)),

o The SU(2) x U(1) subgroup generated by {wicc,xi} (egs. (4.11)—(4.18) and eq. (4.5)),
while breaking the remaining non-compact generators. This aligns with the SM gauge
structure and does not necessitate extra symmetry-breaking assumptions beyond those
implemented via the Higgs mechanism. In fact, although U(1,3) has four more generators
than the SM gauge group, these do not necessarily correspond to additional observable
gauge bosons. The apparent redundancy is resolved through the color-linked embedding of
SU(2) interactions, where multiple copies of weak generators (e.g., W) act on different color
directions. After spontaneous symmetry breaking, these degrees of freedom are effectively
unified through an appropriate mixing (see eq. (4.20)), and the theory reproduces the SM
boson spectrum without requiring additional physical gauge fields.

5 The Higgs mechanism in U(1, 3)

5.1 Embedding Higgs fields

Let ¢1(x), ¢p2(x), ¢p3(x) and ¢4(x) be four scalar fields involved in the Higgs mechanism. Under
the U(1, 3) framework, it is expected that these scalar fields couple different components of the
u(1, 3) multiplet and facilitate the spontaneous breaking of the SU(2) x U(1) symmetry down to
a residual SU(2) weak interaction and a U(1) group identified with electromagnetism. Firstly,
a scalar field matrix ®(x) is constructed by excluding the rotation/boost operators (w1 ¢, wa,c)
and then by combining complementary generators of U(1,3), which couple the lepton state |l)
(associated with the time-like component) and the three color states {|r),|g),|b)} (associated
with the spatial directions), multiplied by the four real scalar fields ¢1(z), ¢2(x), ¢3(z), and

Y Therefore, free proton does not decay in this theory. Moreover, the electron-proton configuration (|¥T))
is expected to be more stable than the neutrino-neutron configuration (|¥~)) due to the electric charge dipole
of the first.
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¢4(x). The resulting scalar field matrix can be written in terms of four real matrices: two with
diagonal elements, M, := V2L + Ay and My = zJT " A4, and other two purely off-diagonal
matrices, M3 := i\o — iAg and My := A1 + A7. Using these, we define four versions of ®,
related to the interactions of U+ < ¥+ and U+ « UF:

Oy =1 My + ¢poiMo + ¢p3 My + ¢paiMo

O =1 My — ¢p2iMy — @3 My + ¢pg 1Mo

Oy = ¢y My — ¢2iM3 + ¢p3 Mo — ¢pg 1My

Q1 =1 My — ¢2iM3 — ¢p3 M + ¢pgiMy

(5.1)

Eq. (5.1) produces four 4 x 4 matrix representation of ®(z) with nonzero entries in the
purely-color block and anothe nonzero element in the purely-lepton position, that is:

¢ 0 0 0 ¢y 0 0 0
10 ¢ &+ &5 1] 0 ¢o dy oo
Q=3 — ] =5
210 ¢4 do o4 210 ¢4 &5 o4
0 95 ¢+ P 0 ¢o ¢+ o (52)
¢, 0 0 0 5.0 0 0 '
1| 0 35 60 &r 1] 0 64 65 6n
(I)-F—:* 7(b—+:7 J—
210 ¢ ot 210 ¢ ¢+ o0
0 ¢y ¢o o+ 0 ¢p & by

where ¢, (z) and ¢o(x) are respectively the charged and the neutral components, conveniently
defined as follows:

po(z) = ¢1(z) +iga(z), ¢4(z) = ¢3() + iga(x)
do(z) = p1(x) —ida(x), éy(z) = —¢3(x) +iga(x).

Then, the components of ®(x) can be mapped to a Higgs field doublet:
Hz) = [ 2@ (5.4)
Po(z)

Here, the Higgs doublet transforms under a chosen SU(2) C U(1,3) within the ® structure
(eq. (5.1)), ensuring that H(z) encodes the correct representation of the symmetry-breaking

(5.3)

dynamics. The main role of the Higgs field is played by the scalar fields ¢; and ¢2, which
represent self-interactions in the spinor fields. These fields contribute to the symmetry-
breaking process by introducing mass terms for gauge bosons. The fields ¢35 and ¢4 complete
the definition of ®(z) in eq. (5.1), coupling the time-like lepton state |I) and the space-like
color states |r),|g),|b). These interactions are mediated by the non-compact generators of
su(1,3), providing a bridge between time-like and spatial elements.

All scalar fields involved in the Higgs mechanism could, in principle, be defined in-
dependently. However, their embedding into the symmetry algebra via the non-compact
generators of su(1,3) adds crucial value, allowing consistency within the group structure and
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defining their interactions with spinors and gauge bosons. This embedding enhances the
theoretical framework by offering a consistent mathematical structure for symmetry breaking
and interaction mediation, while also extending the standard Higgs mechanism.

5.2 Yukawa-like Lagrangian

In our framework, the spinoral states |U~) = %(ﬂ,l},ﬂ,l}) and |UT) = %(U, , 4, M are
organized similarly to the Dirac spinor multiplet ¥ = (11,12, ¥3,14). These spinoral states
represent distinct configurations of particle flavors in the multiplet. If the left-hand and
right-hand projectors are applied as \Iij[ = P+ and \Ifﬁ := PrU™, the interaction between
®(z) and the spinors is given by terms of the form:

Lyukawadike = — (5| @y |UF) + (UF| Pazy [TF5) + hec.. (5.5)

Here, U represents the Dirac adjoint of ¥, ensuring proper Lorentz invariance of the interaction
terms. The matrix y = diag(y1,y2,ys3,y4) contains the Yukawa coupling constants, which
control the strength of the interaction for each particle flavor. The Hermitian conjugate
(h.c.) term ensures the Lagrangian is real, maintaining consistency with physical observables.
This formulation highlights the interplay between the scalar field and the spinoral multiplet,
representing a fundamental mechanism for mass generation within the framework.

For instance, the well-known first generation of the SM includes two flavors of leptons
(v and e) and two other flavors for quarks (u, d), corresponding to the states {} and |,
respectively. Then, one can identify |[¥F) = L (e,u,d,u) and |¥~) = L (v,d,u,d) and

V2 V2
consequently eq. (5.5) can be compactly summarized by using a unique pseudo!®-multiplet
|\Tl) = %(V, e,u,d) as follows:
Lyukawatice = — (¥r|®(x)j|Ur) + h.c.,
o5 o+ 0 0
. 1| —¢* 0 0 (5.6)
O(x) == % o
210 0 ¢ or
0 0 —¢% ¢o

where § = diag(yy, Ye, Yu, ¥q)- Now, both the lepton and color regions are 2 x 2 blocks.
Moreover, it is assumed the possible existence of the sterile neutrino vg [49]. The Lagrangian
describing the Higgs field and its interactions is given by Luiges = |D,H|* — V(H), where
the covariant derivative D, introduces the well-known gauge interactions D, H = 0, H —
iqsu2)WuH —iqu)BuH and the potential V(H) can be constructed to allow spontaneous
symmetry breaking, as usual, V(H) = —p?HVH + \(HTH)?. At the minimum of this
potential, the Higgs doublet acquires a nonzero vacuum expectation value (VEV) such
as (H) = %(O,U), where v = \/—pu2/\ represents the energy scale at which the U(1,3)
symmetry breaks down to a residual U(1)p. The charged component ¢ vanishes in vacuum,
preserving charge conservation.

5 Now, with normalization factor % for convenient expression in the Lagrangian.
Y6This is a pseudo-multiplet in the context of SU(1,3) theory because is using a base with two leptons
instead of just one like in the natural base of this theory.
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This standard formulation, now with embedded scalars in ®, ensures that the Higgs
mechanism provides masses to gauge bosons associated with broken symmetry generators
while maintaining gauge invariance in the underlying framework. Additionally, the resulting
scalar potential V' (H) naturally facilitates the emergence of a single physical scalar field,
the Higgs boson, after symmetry breaking.

The spontaneous breaking of symmetry gives masses to the gauge bosons linked to the
broken generators. Specifically, the ladder operators T:F, T, f, Tbi, analogous to the W= bosons
in the SM, acquire masses via their interactions with the Higgs VEV:

1

mw = 54su(2)?- (5.7)

These operators mediate transitions between the lepton state |l) and the color states
{Ir),lg),1b)}, forming the foundation for charged current interactions. Their mass terms
arise from the interaction:

qu(Q)UhW:W_”a (5.8)

where h(z), the physical Higgs boson, represents fluctuations around the VEV:

1 0
H(x) = 7 (v N h(x)) . (5.9)

The Goldstone bosons corresponding to the broken symmetry generators are absorbed by
the W* and Z bosons [50], giving them mass while leaving one physical scalar degree of
freedom, h(z), in the spectrum. The & field is finally

Do =®__ =g (V20g+ \1)

(5.10)
Qi =Py =1 (M + A7)

where ¢1 = v+h(z) is the residual Higgs field, and {\s }qe(1,4,7) encodes redundant information
relative to v/2I'g. This means that the information on spinor interactions encoded by ®.+
is already embedded in the sub-blocks of ®44. Consequently, ;14 ~ /2Ty becomes the
primary representative of the Higgs field in the U(1,3) framework. The Higgs boson, aside
from color rotations, is determined by mixing the B* boson (linked to I'p).

5.3 Prediction of the Weinberg angle

In this section, we provide details on a direct prediction of the weak mixing angle, or Weinberg
angle, without considering quantum corrections. Theoretically, the Weinberg angle Oy is
related to the gauge coupling constants through:

q%u)

sin? Oy = (5.11)

@y T Bug)

where qy(1) and ggu(2) are the effective coupling constants for the U(1) and SU(2) gauge sectors,
respectively, derived from trace-based normalization (fy(1) and fguy(2)) of their generators.
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Figure 1. Comparison of theoretical predictions of sin? fy from colored gravity (dashed lines) and
other GUT proposals (dotted lines), with respect empirical estimations (table 1) represented in filled
blue circles and uncertainty levels (horizontal lines). The SM prediction is added with its estimated
uncertainty range (vertical light blue bland at 0.23152 + 0.00010). The U(1, 3)-based predictions
are 0.2308 (light green dashed line), which is separated on 0.5 to 2 o with respect to observations,
and about 0.222 (yellow dashed line) that is in 30 tension. Maximum prediction corresponds to
sin? Oy = 0.25 (dark green dashed line).

Using the relationship between the coupling constants and their normalization, we factor-
ize qu(1) = fu)qua,3) and gsue) = fsu(2)qu(,3), as two functions of the unknown coupling
constant qy1,3) that describes the interaction strength with the spinor fields. Consequently,
the Weinberg angle can also be expressed in terms of fy(;) and fsy(z). It should be noted
that the contributions from the configurations + and — are totally symmetric and produce
exactly the same result. Considering only the SU(2) basis wp, the maximum expected value
for the weak mixing angle is obtained:

sin® O = 2 f%(l)Z - Tr(FgFO) -
foay tsue  Tr(Tolo) + 2oz Tr(wywy) (5.12)
__3 1
BRI

Thus, the predicted value of sin? Ay = 0.25 is reasonably close to the experimentally measured
value of 0.231 (table 1, figure 1). The discrepancy arises from the additional contributions
from the U(1,3) structure that might modify the coupling constants. Specifically, the non-
compact region provides three subgroups of SU(2)xU(1) with a total of eight gauge fields
that are mixed (appendix B): by internal symmetry, two of them are rotated, while six are
merged in two effective bosons, that is, a third of the initial fields.

Therefore, assuming complete mixing of the colors in lepton-lepton interactions, the

effective basis of su(2) is a 3-weighted mixture of w; (eq. (4.20)) and the effective Weinberg
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angle is given by

12 geff _ Tr(Tolo) _
St Pw = Tr(Toly) + % 22:1 Tr(wiwf) N
1 (5.13)

! 6

2

_ = — ~0.2308.
1+1is-1+1) 26

Here, all the basis elements of w; contribute % = Tr(wj'wj') except sz 11+ Which contributes
1 (eq. (4.6)). The resulting value of 0.2308 is in slight tension (between 0.5 and 2 o) with
respect to the empirical estimations based on lepton-lepton experiments.

On the other hand, the minimum expected value when two colors are mixed would be
2

;2 pmin
sin” 0" = = — ~(0.2222. (5.14)
s+36-5+1) 9

D[

This result is more aligned to the experiments based on weak interactions of quark-lepton
processes (table 1 lower), but is in tension between 3 and 4 o with the best empirical
estimations.

Consequently, exploring the role of quantum corrections is necessary to explore whether
quantum corrections could reduce the theoretical tension between colored gravity and the
experimental value of the Weinberg angle. Moreover, the model also predicts that effective
bosons (W7 and W) could be split into a total of six charged W bosons at high energies,
with the only difference testable in the color direction. The masses of these W bosons should
be identical, so just the mediation (or not) of detectable gluons could distinguish their color
direction before their final decay process.

5.4 Impact on the Lorentz invariance

The deformation of the spacetime generators 7, via the gauge potential A, introduces an
effective local frame 4, which in turn extends the four-velocity 4,. This might suggest a
deviation from traditional Lorentz symmetry. However, the theory retains local Lorentz
invariance in the generalized sense: the extended frames transform covariantly under local
U(1,3) transformations. The spontaneous breaking induced by the Higgs mechanism affects
internal gauge symmetries — such as SU(2) and SU(3) — but not the spacetime symmetry
group itself. Therefore, the appearance of massive gauge bosons (W, Z, gluons) reflects internal
symmetry breaking, not a violation of Lorentz invariance. Nonetheless, if components of A,
were to develop a spacetime-dependent or directional structure, this could lead to spontaneous
breaking of Lorentz symmetry with a potential quantum noncommutative interpretation.
Investigating this possibility requires analyzing the dynamical behavior of A, beyond the
classical level, a task we defer to future work.

6 Final remarks

The complexification of the Minkowskian metric for spinor fields leads to a natural U(1, 3)
symmetry that perturbs the spacetime generators. The gauge potential for the U(1,3) group
can be decomposed as A* = AH(% where (* are the 16 generators of U(1,3), and A# are the
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corresponding gauge fields. The embedding of standard SU(3) into U(1, 3) is achieved by
placing their generators in the spatial 3 x 3 blocks of the 4 x 4 matrix structure. On the
other hand, the embedding of U(1) x SU(2) is not direct and requires interactions between
specific subgroups and symmetry generators.

From the resulting hierarchy, the purely color generators of SU(3) € SU(1,3) do not
directly interact with the lepton subspace. Only during the procedure of the SU(2) operators
{w?fC 2 o, the color generators play a role of spatial rotations by balancing the disequilibrium
caused by the lepton-color interactions.

The Higgs mechanism in SU(1,3) extends the SM by embedding its symmetry-breaking
structure into the larger gauge group. In this extended framework, the four scalar fields
b1, P2, P3, P4 are organized into a 4 x 4 representation of the Higgs doublet that facilitates the
breaking of symmetry of the electroweak interaction. The non-compact generators mediate
the couplings necessary for this breaking, with the neutral component acquiring a VEV
to drive the process. This approach retains the essential features of the standard Higgs
mechanism while integrating it within a broader theoretical structure.

The predicted weak mixing angle sin? @y is aligned to two different cases: a purely
lepton-lepton interaction (yielding a value statistically compatible with 0.231), and a hadron-
lepton interaction, which shows a tension of about 3o with the best experimental observations.
Exploring quantum corrections could further refine these predictions and potentially resolve
the discrepancies.

This paper represents the initial development of a novel GUT proposal, with a natural
(spacetime-related) Lie algebra capable of integrating gravity and other fundamental forces.
The new theoretical framework could solve some existing open issues. For example, unlike
the SU(5) model, proton stability is naturally expected in the SU(1,3) framework due
to the lepton-exclusion properties of its compact SU(3) subgroup. Moreover, while this
work is limited to the first generation of fermions, the model could be extended to three
generations via horizontal (flavor) rotations by taking advantage of the second part of the
double-copy gauge group.

Future research directions include exploring quantum corrections to the Weinberg angle,
better understanding flavor family mixing, and further embedding the Standard Model’s
interactions into this extended framework. Additionally, the quantization of the spacetime
metric, a critical challenge for any GUT when including gravity, will be evaluated in light
of our recent theoretical advancements. These explorations will also investigate connections
to quantum perspectives, such as the dynamics of causal structures and the implications
of quantum nonlocality [51]. The quantization of spacetime itself and its integration into a
comprehensive theory remain a pivotal challenge for this approach, paving the way for a deeper
understanding of the nature’s fundamental forces. Although the coordinates are spinor-valued
in this formalism, they encode geometric structures via Clifford algebra while retaining a
consistent classical limit. This direction offers a novel route to incorporate gravity and gauge
forces into a single algebraic framework. Thus, future developments may clarify how standard
model interactions and spacetime locality emerge from deeper spin-geometric principles.
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A Basics of U(1, 3) colored gravity
A.1 U(1, 3) gauge group

The group U(1,3) is a non-compact unitary group that preserves a Hermitian form with
respect to the metric n = diag(l,—1,—1,—1) of signature (1,3), and it is given by 16
generators {/,}15, (section 4) that span the Lie algebra u(1,3). Explicitly, for an element
U(x) = exp(ip®(x)l,) € U(1,3) with real parameters ¢%(x), the defining condition UTnlU = n
is satisfied. In turn, this leads to the hermiticity condition for the generators, (£,)7 = nf,n='.

The measurement invariance for spinor fields when transformed as ¥(x) — ¥(x) =
U(x)¥(x) (section 3.2) leads to a covariant derivative V,, satisfying the (gauge) transformation
V¥ (z) — (V,¥) (x) = U(x)V,¥(x). This gauge covariant derivative must be V,, = 149, —
iqu(1,3)Ayu for some real coupling constant g1 3) that describes the interaction strength
between the spinors ¥(z) and the gauge fields A, = A}{,, which transfom as

Ay = A = UAU ™ +igy 5 (0,U) U

For infinitesimal parameters ¢*(z) < 1, the group element approaches U(x) ~ 14 + ip%(x)¢,
and the (infinitesimal) adjoint transformation of the gauge field is:

Ay A = A+ 5ANL + O(0%) with §A7, = iy 50 + [0 A7, (A1)

where f%¢ are the U(1,3) structure constants of the group that satisfy the antisymmetric
relation [¢%, (*] = ifob¢¢¢. The field strength tensor takes the usual YM form:

Foup i= z'q[_j(lm) [V, V] = 0,4, — 0u AL+ qu s[4, Adl,

While this is structurally analogous to gauge theories based on compact groups, care must
be taken due to the non-compactness of U(1,3).

In particular, the Lie algebra of U(1, 3) possesses an indefinite Killing form, defined by
Kab := Tr(ad(¢y) o ad(€p)), where ad(€,) = [lq, -] is the adjoint action. Consequently, inner
products and traces in the Lagrangian must be handled with this indefinite structure in
mind. Specifically, contractions involving the field strength components must respect the
group metric Fj, FH — f@ab]:l‘jyfb“”.

Thus, the YM Lagrangian density associated with the U(1,3) gauge theory, analogous
in structure to the compact YM case, is given by

1
——FO F (A.2)

1
EYMZ—ZﬂabFﬁyfb“” = =T

where the components of the field strength tensor in the adjoint representation are

Fih, = 0,AL — 0, A% + qui 3y f° AL A,
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A.2 Telleparallel gravity equivalent of GR (TEGR)

Teleparallel gravities constitute a class of theories in which gravitation is described not by
curvature but by torsion.'” An interesting case is the TEGR based on the Weitzenbock
connection I'. In this framework, the Riemann curvature tensor vanishes (R?,,, (I') = 0),
and the spin connection is assumed to be null (wu‘lb = 0). Despite this reformulation, the
Fuler-Lagrange equations of TEGR follow from an action that is dynamically equivalent to
the Einstein-Hilbert action, differing only by a total divergence term [31, 52].

Inspired by the structure of gauge theories, some authors have employed translational
invariance to formulate TEGR in a gauge-like language. Nonetheless, this so-called translation-
gauge formalism does not meet the standard criteria of a full gauge theory, such as the presence
of a principal bundle structure [53]. Regardless of the mathematical limitations, we can
adopt this gauge-like approach due to its appealing analogies with classical gauge theories
in particle physics.

Let us consider a Lorentzian manifold (M, g), and associate to each point in M a copy
of Minkowski space M. The coordinates in this internal anholonomic space are denoted by
{2}4, giving rise to the Minkowski bundle M — M with local coordinates {z*, 2%}, 4.

The local action of the translation group on the Minkowski bundle is given by z% +— ¢ =
x® + €*(xH), where the Lie algebra is generated by {0, }q, the derivatives with respect to the
anholonomic coordinates. The dynamical fields of teleparallel gravity are 1-forms on M valued
in this Lie algebra — referred to as translational gauge-like potentials — denoted ¢ = ¢, dx*,
Wit}} ¢u = ¢,'0,. Under an infinitesimal translation dz® = €*(z#), these potentials transform
as ¢, = ¢, — 0,€”, that is, the action of the translation group extends naturally to this
family of potentials. Moreover, the potential ¢, = ¢,'0, induces a transformation on the
vierbein (tetrad) components as follows (see e.g., [54]):

eu‘l = aul’a — é#a = Clua —+ qua = 8M£L’a -+ (b,u,a' (A3)

This construction leads naturally to a fluctuated metric g, := €, - é,, as well as to the
definition of the gauge-like derivative and differential in TEGR:

Op v+ Dy=¢é,=2,"0q=0u+ ¢, 00 =0y + by,
dzt — dz¥ = dat — ¢F dx”.

The associated field strength is F),, = F,0q, where F,, = 0,¢%, — 0,9%,.
The TEGR Lagrangian density can be expressed either in terms of the torsion tensor
or the field strength as follows [30, 31]:
ﬁ_ﬁ ETP T’“’—i—}T'D TVE _ TP TTVH _ £ lpa P (A.4)
S 2r\4 MTP P R A AV '
where r = 87, and the torsion tensor 7%, = I'¥, —I'?  is defined via the (flat) Weitzenbock

connection I, = é°,9,€%,, with é := det(éﬂa) = /—g. This Lagrangian yields the same

"The torsion belongs to the connection choice (e.g. Weitzenbdck connection I'), not to the metric itself.
The Levi-Civita connection I’ for the same metric will still be torsion-free (T'(I) = 0) but curved (nonzero
Ricci scalar, R(f) # 0, unless the space-time is exactly flat). The equivalence between both approaches is
given by R(I') = —T(T') + 2V, T*(T"), where V,, is the covariant derivative of the Levi-Civita connection T'.
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dynamical content as the Einstein-Hilbert Lagrangian Lor = iéR, where R is the Ricci
scalar. The two Lagrangians differ only by a total divergence:

z—&m:—%mwrﬂy

Finally, notice that the TEGR Lagrangian (eq. (A.4)) is totally analog to the YM Lagrangian
(eq. (A.2)). Furthermore, that similarity is not casual as it is discussed in appendix A.3.

A.3 From TEGR to U(1,3) colored gravity

This section summarizes the fundamentals of U(1,3) colored gravity, which was originally
developed in [29] as an extension of TEGR. Let ¥(x) = exp(—im~y,dz")¥( be an evolving
multiplet of Dirac spinors ¥g at z = (2#) € RY3 with mass m > 0. The components my, =

. . . . L dzﬂ
m - 7y, of its four-momentum m are given by the classical momenta m,, = mu,14 := m-*14
for a proper time dr? := n,,dz"dz" (see section 2).

The following definition of operational equivalences “~” is crucial to bridge between
classical magnitudes and operators applied to the spinor multiplet ¥(x):

a~b <= (a)y = (b)y , (A.5)

18 For instance, this allows the Dirac

where (c)y, is the expected value of the operator c.
equation to be written compactly as iy#d, ~ m, for ¥ with mass m.
Also enabled by eq. (A.5), the colored gravity is based on an extended teleparallel gauge

(ETG) displacement in the anholonomic coordinates, which is defined as
dz® ~ — ( 1 ¢yascalar =+ ¢Va ) ox”, (A6>

with ¢, %scalar corresponding to the usual TEGR fluctuation, and ¢,* denotes an extended
gauge translation with respect to the one introduced in the section A.2.
Then, consider the displacement dz € R @ u(1,3) with ¢,%calar ~ 0 and let

0x? = —¢,dx" = —A* - 4, Yo 0x” ~iq A6z,
m

be a U(1, 3) gauge transformation, also interpreted as a non-Abelian phase 6(z) = ¢! (z)¢; =
A(x) = Ay(x)dx* that modifies spinor trajectories and hence promotes the (oscillatory) local
coordinates {z*} to matrix-valued quantities. From the transformed tetrad fields (eq. (A.3))
the resulting metric is g(z) ~ n — k A(z) - A(x), where its fluctuation is an extension in
U(1,3)xU(1, 3).

With the ETG prescription, the Cartan covariant derivative coincides with the telepar-
allel gauge derivative D,,, which is operationally equivalent to the U(1,3) gauge covariant
derivative V:

Dy~ e+ = A9y = 9, — iqA, = V. (A7)

8Formally, the operator c¢ is assumed to be square-integrable in L?, and its expectation value is defined as
the real part of the inner product, {¢)y := Re(¢)| ¢ |9), where ¢ = 1T~° is the Dirac adjoint in this Hilbert
space. For example, classical quantum mechanics defines the density current as u* := Re (1| o+ |1) with the
momentum operator Ur = %8” evaluated for some mass m € Rsg.
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This ezxpectation equivalence, D, ~ V,, holds for each particle-field involved (i.e., in the
sense of expectation values) and plays a central role in ensuring the consistency of the theory
when non-Abelian gauge fields are introduced.

Given the operational equivalence of covariant derivatives, the torsion 2-form provides
the field strength (F G = O0ud?, — yqbau) of the teleparallel translational gauge, behaving
analogously to a curvature 2-form. Applying expectation values (eq. (A.5)), we obtain the
SU(1,3) field strength — geometrically interpreted as the curvature 2-form:

Fu i= F%,00 = [Dy, D) = (Dué,® — Dye,")d, ~ %fwuaaa ~ —iqFuw,  (A8)
where F,, := iqfl[V#, V,]. Furthermore, the torsion scalar gives rise to the corresponding
YM scalar. Specifically, the torsion field components relate to the gauge field strength
components via:

2
Pl S Fuut = F B = L F (A.9)
which holds true for the spinor multiplet ¥, leading to an operational equivalence between
the TEGR Lagrangian (eq. (A.4)) and the YM Lagrangian (eq. (A.2)).

B Physical bosons of the U(1, 3) adjoint representation

The adjoint representation of a Lie group G describes how the group acts on its own Lie
algebra g via the adjoint map adj,(X) = gXg!for g € G, X € g. This is useful for
identifying the gauge fields (bosons) that participate in the interaction. In the case of U(1,3),
which consists of complex 4 x 4 matrices that preserve a Hermitian form of signature (1,3),
there are 16 generators {¢;}}2, forming the Lie algebra u(1,3) (see adjoint representation
in section A.1). It can be decomposed as U(1,3) = SU(1,3) xz, U(1)* where the fibered
product accounts for the overlap in center elements between SU(1,3) and U(1), and the
Lie algebra accordingly splits as:

u(1,3) =su(1,3) ®u(l).

Although U(1, 3) has rank 4 — matching that of the SM group SU(3) x SU(2) x U(1) —
it contains four additional generators due to its non-compact structure of internal mixing
of time-like and space-like components. These extra generators expand the algebra but do
not necessarily introduce new physical bosons.

These extra degrees of freedom are absorbed or reinterpreted through the color-linked
embedding of weak interactions, where multiple SU(2) sectors (associated with each color)
effectively reduce to a single SU(2) structure at low energy scales. This collapse is enabled
by the Higgs mechanism (section 5), which provides mass to the overlapping directions and
identifies a unified electroweak basis.

9By taking the product SU(1,3) x U(1) and then quotienting by Z4, we effectively construct the group
U(1,3), which includes the necessary phase factors and maintains the unitary property with the correct
determinant condition. This construction is a standard way to relate these groups and ensure the correct
group structure and properties.
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Consequently, the 16-dimensional adjoint representation of U(1,3) breaks down to the

12-dimensional set of physical SM gauge bosons:

adjy(1,3) — adjsu(s) @ (adjsy(e) @ adjy(n)) (B.1)
16— 8 +(6/3+ 1+ 1 )=12, (B.2)
gluons Wt Z0 photon

taking into account the redundancies within the 16 gauge fields {A7}15 ) of the U(1,3)

as follows:

« Eight gluon fields {G®}5_; corresponding to eight SU(3) C SU(1,3) purely-colored
(spatial subgroup) generators, represented by Gell-Mann matrices A\, (a =1,...,8).

¢ Eight non-compact gauge fields with redundancies:

One boson field B associated with the U(1)p generator: the identity 'y (eq. (4.2)).
One boson field W9 linked to the U(1), hypercharge generator Yy, (eq. (4.9))

Six gauge fields ({W}}.—, 4 and {W?2}._, ;) linked to six generators from three
partial SU(2),, groups, {wfc, w2i,c}c=r,g,b that are elements of three color-triplet
su(2) algebras but only generate one effective SU(2) electroweak group.
However, from these eight fields (B, Wclzw’b, szr’ 9.7
bosons emerge via color-symmetry mixing (eq. (4.20)) and rotation by Higgs

W9, only four physical

mechanism (section 5.3):
wt 1 w}k
2 = g Z 9> (B3)
w ceC Wc

v _ [ cos Ow sin Oy B (B.A)
Z0 — sin Oy cos Oy wo

where Oy is the Weinberg angle (eq. (5.12)), C = {r, g, b} is the color, and WB
is the boson linked to the U(1), hypercharge generator Y;,, which contributes to
the effective electroweak Z° boson and the final v photon by mixing with B,,.
The remaining four generators in u(1, 3) correspond to color directions that are
spontaneously merged and do not manifest as independent physical gauge bosons.
Their role is confined to the high-energy unifying regime, from which the SM
symmetries emerge effectively.

This structure ensures all SM gauge fields ({G*}5_;, W, W2 Z9 ) transform as

a=1>

adjoints under their respective subgroups, while the full U(1, 3) adjoint representation (16)

integrates gravity via the original U(1)p sector (identity). The Higgs VEV projects out the

non-SM components, leaving only the massless SM adjoints at low energies.
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